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Abstract 

We develop a variational technique for some wide classes of nonlinear evolutions. The nov- 
elty here is that we derive the main information directly from the corresponding Euler-Lagrange 
equations. In particular, we prove that not only the minimizer of the appropriate energy func- 
tional but also any critical point must be a solution of the corresponding evolutional system. 

1 Introduction 

Let AT be a reflexive Banach space. Consider the following evolutional initial value problem: 

(1.1) 



^^{l-u{t)}+At{uit))^0 in (0,ro), 



Here / : A — > A* (A* is the space dual to A) is a fixed bounded linear inclusion operator, which we 
assume to be self-adjoint and strictly positive, u{t) e L''((0, Tq); A) is an unknown function, such 
that / • u{t) e W^i'P((0, To); A*) (where I-heX* is the value of the operator / at the point h e X), 
At{x) : X — )■ A* is a fixed nonlinear mapping, considered for every fixed t G {0,Tq), and Vq € A* 
is a fixed initial value. The most trivial variational principle related to (|l.ll) is the following one. 
Consider some convex function r(y) : A* [0, +oo), such that r{y) = if and only if j/ = 0. Next 
define the following energy functional 

Eo{u{-)) /"^^ r(^|{/ . uit)} + At{u{t))yt 

Vu(i) e L«((0,ro); A) s.t. I ■ u{t) e W^ p {{O,^); X*) and I ■ u{0) ^ vq ■ (1.2) 

Then it is obvious that u{t) will be a solution to (|l.ip if and only if Eo(u{-)) — 0. Moreover, the 
solution to (|1.1|) will exist if and only if there exists a minimizer uo{t) of the energy Eo{-), which 
satisfies Eo(^uo{-)) — 0. 

We have the following generalization of this variational principle. Let vE't(a;) : A — )■ [0,-|-oo) 
be some convex Gateux differentiable function, considered for every fixed t G (0,To) and such that 
^'t(O) = 0. Next define the Legendre transform of 'i't by 



^iy) sup [{z,y) -^tiz) : z ex} Vy G A* . (1.3) 

It is well known that Vl/t (y) : A* R is a convex function and 

^t(x) + n{y) > {^,y)x.x' yxex,yex*, (i.4) 
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with equality if and only if y = £'^'t(x). Next for A G {0, 1} define the energy 

E,{u) J|*,(A«(<))+*:(^-|{/.,i(t)}-A*(H(t)))+A^«(t),|{/.i.(t)}+A,(«(t))^ \dt 

g I XXX' ) 

Vu(i) e L«((0,ro);A:) s.t. I -uit) eW^-P{{0,Ta);X*) and I ■ u{0) ^ vq- (1.5) 
Then, by (|1.4p we have -Ea( • ) > and moreover, £'a(w(-)) = if and only if u{t) is a solution to 

i{l-u{t)}+At{uit))+D^t{\u{t))^0 in (0,ro), 
/ • u{0) = «o 

(note here that since ^Pf (0) = 0, in the case A = ()1.6p coincides with ()l.ip . Moreover, if A = then 
the energy defined in (|1.2p is a particular case of the energy in (jl.Sp . where we take T{x) 5'*(— x) ). 
So, as before, a solution to (11.61) exists if and only if there exists a minimizer uo{t) of the energy 
Ex{-), which satisfies E\(uo{-)) = 0. Consequently, in order to establish the existence of solution to 
(|1.6p we need to answer the following questions: 

(a) Does a minimizer to the energy in (jl.5|) exist? 

(b) Does the minimizer uo{t) of the corresponding energy Exi-) satisfies Ex{ua{-)) = 07 

To the best of our knowledge, the energy in (11.51) with A = 1, related to (II. 6p . was first considered 
for the heat equation and other types of evolutions by Brezis and Ekeland in [1,. In that work they 
also first asked question (b): If we don't know a priori that a solution of the equation (|1.6p exists, 
how to prove that the minimum of the corresponding energy is zero. This question was asked even 
for very simple PDE's like the heat equation. A detailed investigation of the energy of type (11.51) . 
with A = 1, was done in a series of works of N. Ghoussoub and his coauthors, see the book [7j and 
also j8], [9], [To], [11]. In these works they considered a similar variational principle, not only for 
evolutions but also for some other classes of equations. They proved some theoretical results about 
general self-dual variational principles, which in many cases, can provide with the existence of a 
zero energy state (answering questions (a)-|-(b) together) and, consequently, with the existence of 
solution for the related equations (see [7] for details). 

In this work we provide an alternative approach to the questions (a) and (b). We treat them 
separately and in particular, for question (b), we derive the main information by studying the 
Euler-Lagrange equations for the corresponding energy. To our knowledge, such an approach was 
first considered in |14j and provided there an alternative proof of existence of solution for initial 
value problems for some parabolic systems. Generalizing these results, we provide here the answer 
to questions (a) and (b) for some wide classes of evolutions. In particular, regarding question (b), 
we are able to prove that in some general cases not only the minimizer but also any critical point 
uo{t) (i.e. any solution of corresponding Euler-Lagrange equation) satisfies E\(^uo{-)) — 0, i.e. is a 
solution to (jl.6|) . 

The approach of Ghoussoub in [7] is more general than ours as he considered a more abstract 
setting. The main advantages of our method are: 

• We prove that under some growth and coercivity conditions every critical point of the energy 
(|1.5|) is actually a minimizer and a solution of ()1.6p . 

• Our result, giving the answer for question (b), doesn't require any assumption of compactness 
or weak continuity of At (these assumptions are needed only for the proof of existence of 
minimizer, i.e., in connection with question (a)). 

• Our method for answering question (b) uses only elementary arguments. 

We can rewrite the definition oi E\ in (|1.5I) as follows. Since / is a self-adjoint and strictly positive 
operator, there exists a Hilbert space H and an injective bounded linear operator T . X ^ H , whose 
image is dense in H, such that if we consider the linear operator T : H ^ X* , defined by the formula 

{x,T ■ y)^^^, -.^ {T ■ x,y)^^jj for every y e and x € AT , (1.7) 
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then we will have T oT = I, see Lemma [^771 for details. We call {X, H, X*} an evolution triple with 
the corresponding inclusion operator T : X ^ H and T : H ^ X* . Thus, if vq = T ■ wq, for some 

Wo Cz H and p = q* := q/ [q — 1), where q > 1, then we have 

" ^uit),^{l-u{t)}) dt^hT-uiTo)\\l-hwo\\l 

see Lemma [2?8l for details) and therefore, 
Ex{u) = J{u) := 

To r 

Vu(i) e L''((0,To);X) s.t. / • u(i) e ly^^** ((0, To); X*) and / • u(0) = f • wo (1.8) 

Our first main result provides the answer for question (b), under some coercivity and growth 
conditions on and At (see an equivalent formulation in Theorem 13.11 and Proposition 13 . 1 p : 

Theorem 1.1. Let {A", iJ, A"*} he an evolution triple with the corresponding inclusion linear oper- 
ators T : X ^ H , which we assume to be injective and having dense image in H , T : H ^ X* be 
defined by ^Ji) and I := T o T : X ^ X* . Next let X G {0, 1}, q > 2, p = q* := q/{q - 1) and 
Wq €z H. Furthermore, for every t G [0,To] let ^((x) : X — > [0,+oo) be a strictly convex function 
which is Gateaux differentiable at every x G X , satisfying 4't(0) — and the condition 

{l/Co)\\xfx~Co<'^t{x)<Co\\xfx+Co yxeX,yte[0,To], (1.9) 

for some Co > 0. We also assume that 5'f(a;) is a Borel function of its variables {x,t). Next, for 
every t G [0,To] let Af(x) : X — > X* be a function which is Gateaux differentiable at every x G X, 
s.t. At(0) G L'' ((0,ro); X*) and the derivative of Kt satisfies the growth condition 

\\DKt{x)\\c(x,X') < 9{\\T ■ x\\h) {\\x\\^x^ + l) Vx G X, VtG [0,ro], (1.10) 

for some non- decreasing function g{s) : [0 + oo) — > (0, +oo). We also assume that Af (a;) is strongly 
Borel on the pair of variables {x,t) (see Definition \2.2\) . As.sume also that and At satisfy the 
following monotonicity condition 

(h,x\D^t{Xx + h)-D^t{Xx)}+DAt{x)-h) > -g{\\T ■ x\\h) (WxW^x + Kt)) \\T ■ Hj^ 

\ ^ ^ / XxX* ^ ' 

Vx,/i G X, vt G [o,ro] , (1.11) 

for some non- decreasing function g{s) : [0 + oo) — ?■ (0, +oo) and some nonnegative function fj,(t) G 
ii((0,To);M). Consider the set 

ng:=[u{t)eL^{{0,To);X): I ■ u{t) e W''^' {{O^To); X*)} , (1.12) 

and the minimization problem 

inf I J(m) : u{t) G TZq s.t I ■ u{0) = f • tuo} , (1-13) 

where J{u) is defined by (|1.8p . Then for every u G TZq such that I ■ w(0) — T ■ wq and for arbitrary 
function h{t) G TZq, such that I ■ h{0) = 0, the finite limit lim (j{u-\-sh) — J{u))/s exists. Moreover, 

s— )-0 

for every .such u the following four statements are equivalent: 
(1) u is a critical point of (11.13^ . i.e., for any function h{t) G TZq, such that I ■ h{0) = we have 

^^j^u + sh)-Jiu) (1.14) 

s-s-O s 
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(2) u is a minimizer to (jl.l3p . 

(3) J{u) = 0. 

(4) u is a solution to 



{I -uit)} +At{u{t)) +D'i>t{Xu{t)) ^0 m {0,To), 



Finally there exists at most one function u G TZq whicfi satisfies (jl.lSp . 

Remark 1.1. Assume that, instead of (II. lip , one requires that and At satisfy the following 
inequality 



/i,A|D*f(Aa; + /i) - D^t{Xx)^ + DAt{x) ■ h 



> 

XxX' 



mT-x\\H) 



~g{\\T-x\\H)(\\xrx+l^it)y^ '^^Vllxllr-Zillg"'^^ yx,heX,yte[a,b], (1.16) 



for some non-decreasing function g{s) : [0 + oo) — > (0,+oo), some nonnegative function /i(i) G 
L^((0,To);R) and some constant r e (0,2). Then (jl.lip follows by the trivial inequality {r/2)a'^ + 
((2-r)/2) &2>a'^62-r_ 

Our first result about the existence of minimizer for J{u) is the following Proposition (see Propo- 
sition for an equivalent formulation): 

Proposition 1.1. Assume ttiat {X, H, X*}, T,T,I, X,q,p, "^ff and At satisfy all the conditions of 
Theorem \1.1\ together with the assumption A = 1. Moreover, assume that ^/t cind At satisfy the 
following positivity condition 



^t{x)+{x,At{x))^^^^ > i \\xrx-c{\\x\rx+i) (\\T-x\\^^-'-hi)-m Vx ex,yte [o,ro], 

(1.17) 



where r £ [0,2) and C > are some constants and /i(i) G L^((0,ro);M) is some nonnegative 
function. Furthermore, assume that 

At{x) ^ At{S ■ x) +Qtix) Vx e A, V< e [0,ro], (1.18) 

where Z is a Banach space, S : X ^ Z is a compact operator and for every t S [0, Tq] ^t{z) '■ Z — > A* 
is a function which is strongly Borel on the pair of variables {z,t) and Gateaux differentiable at every 
z G Z, Qtix) '■ X X* is strongly Borel on the pair of variables {x,t) and Gateaux differentiable 
at every x £ X, Qt{0), At{0) £ L'^ ((0,ro);^*) o,nd the derivatives of At and Ot satisfy the growth 
condition 

\\DQt{x)\\ciX;X') + \\DAt{S ■ x)\\ciz;x') < gi'^T ■ x\\) {MW^ + Vx G A, Vte [0,ro] (1.19) 

for some nondecreasing function g{s) : [0,+oo) — >■ (0 -f oo). Next assume that for every sequence 
{^n(t)}^=i ^ L'i{iO,To);X) such that the sequence {/•a;„(t)} is bounded in W^''^ ((0,To);A*) and 
Xn{t) x{t) weakly in L'((0,ro); A) we have 

• Qt{xn{t)) ^ Qt{x{t)) weakly m L?* ((0, Tq); A*) , 



lini„^+oo/o'''(^nW,et(x„(t))) dt> Ut),Qt{xm dt. 



Finally let wq £ H be such that wq = T ■ uq for some Uq £ X , or more generally, Wq £ H be such 
that Awo '■= {u £ TZq : / • u(0) = T ■ wa} 7^ 0- Then there exists a minimizer to (jl.l3p . 
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As a consequence of Theorem 11.11 and Proposition 11.11 we have the following Corollary. 

Corollary 1.1. Assume that we are in the settings of Provosition [7771 Then there exists a unique 
solution u(t) e TZq to 

(f^{l-u{t)l+At{u{t))+D^t{u{t))^0 m (0,ro), 
|/-m(0) ^T-wq. 



(1.20) 



In [15| .using Coroharv lLlI as a basis, by the appropriate approximation, we obtain further exis- 
tence Theorems, under much weaker assumption on coercivity and compactness. Moreover, applying 
these general Theorems, we provide with the existence results for various classes of time dependent 
partial differential equations including parabolic, hyperbolic, Shrodinger and Navier-Stokes systems. 

In order to demonstrate the basic idea of the proof of the key Theorem 11.11 consider the simple 
example of the scalar parabolic equation of the following form: 



dtu + div^F{u) ~ A^u = Va; G 17 CC M^, Vt G (0,To) 
u{x, t) = e dn, yt e (0, To) 

u{x, 0) = vo{x) Vx € f2. 



(1.21) 



where we assume F : M — > to be smooth and globally Lipschitz function. In this case we take 
X := Wa'^ifl), H L^{n) and T to be a trivial embedding. Then X* = W-^-^{n) and the 
energy-functional takes the form 

1 



E{u) 



V,{A-i(9tu-fdiv,F(M))} ]dxdt+^J (|u(a;,ro)|'-|u(a;,0)|') 



dx, 
(1.22) 



where A ^/ is the solution of 

iAy = f xen, 

Let us investigate the Euler-Lagrange equation for ()1.22[) . If u satisfies u{x, t) = Q for every {x, t) £ 
dQ X (0,ro) and u{x,0) — va{x), then. 



E(u) 



1 

2 Jo 



To 



A^i(9tu + div,F(u))} 



dxdt. 



(1.23) 



Set Wu := u — A~^(^dtu + divx F{u)) ■ Thus, for every minimizer u of the energy (|1.23l) and for every 
smooth test function S{x,t), satisfying S{x,t) = for every {x,t) £ dil x (0,To) and S{x,0) = 0, we 
obtain 







dE{u + sS) 



ds 



lim — 

s->o 2 



= lim — 

(s=o) s^o 2s Jq 



(I 



lim — 

s^o 2s 



To 

Jn 



To 

Jn 



(^~AJ + dtS + div, {Fiu + sS) - F(m))/s) • (W^u+sS) + Wu) = 

lo " In ' ^""^ ^ ^" ' ~ ^^'^""^ ' ^"^"^'^ 



Since S was arbitrary (in particular S{x, To) is free) we deduce that AxWu + dtWu+F'{u)-\i' xWu = 0, 
Wu{x, To) — and W„ = if a; G 90. Changing variables t :— To — t gives that Wu is a solution of 
the following linear parabolic equation with the trivial initial and boundary conditions: 

'drWu - F'iu) ■ VxWu = AxWu y{x,T) e o X (o,ro) , 

Wu{x,0)^0 VxeO, 
[Wu{x,t)=0 V(x,r) eaOx (0,To). 

Therefore Wu — and then A^u = dtu + div^ F{u), i.e., u is the solution of (|1.2ip . 



5 



2 Notations and preliminaries 

Throughout the paper by linear space we mean a real linear space. 

• For given normed space X wc denote by X* the dual space (the space of continuous (bounded) 
linear functionals from X to R). 

• For given h & X and x* £ X* we denote by (/i, x*)^^^, the value in M of the functional x* 
on the vector h. 

• For given two normed linear spaces X and Y we denote by C{X; Y) the linear space of con- 
tinuous (bounded) linear operators from X to Y. 

• For given A G jC{X;Y) and h G X we denote hy A - h gY the value of the operator A at the 
point h. 

• We set = sup{||A- : h€ X, \\h\\x < !}• Then it is well known that C{X;Y) 
will be a normed linear space. Moreover £{X;Y) will be a Banach space if F is a Banach 
space. 

Definition 2.1. Let X and Y be two normed linear spaces. We say that a function F : X Y is 
Gateaux diffcrcntiable at the point x G X if there exists A G jC{X; Y) such that the following limit 
exists in Y and satisfy, 



lim - (f{x + sh) - F{x)) =A-h \/h G X . 



In this case wc denote the operator A by DF{x) and the value A - hhy DF{x) ■ h. 

Definition 2.2. Let X and Y be two normed linear spaces and U C X he a, Borel subset. We say 
that the mapping F{x) : U ^ Y is strongly Borel if the following two conditions are satisfied. 

• is a Borel mapping i.e. for every Borel set W C Y, the set {x G U : F{x) G W} is also 
Borel. 

• For every separable subspace X' c X, the set {y G Y : y = F{x), x G U (1 X'} is also 
contained in some separable subspace of Y. 

Definition 2.3. For a given Banach space X with the associated norm || • ||x and a real interval 
(a, 6) we denote by L'^{a,b;X) the linear space of (equivalence classes of) strongly measurable (i.e 
equivalent to some strongly Borel mapping) functions f : {a,b) ^ X such that the functional 



{laWmrxdty' if l<g<oo 
,essuptg(„_(,)ll/(*)lk if 9 = oo 



\Li{a,b;X) •- 



is finite. It is known that this functional defines a norm with respect to which L''{a,b;X) becomes 

a Banach space. Moreover, if X is reflexive and 1 < g < oo then i'(a, b; X) will be a reflexive space 
with the corresponding dual space L'^ (a, b; X*), where q* = q/{q — 1). It is also well known that the 
subspace of continuous functions C°([a, b];X) C L'^{a, b; X) is dense i.e. for every f{t) G L''{a, b; X) 
there exists a sequence {fn{t)} C C°{[a,b];X) such that fn{t) — ^ f{t) in the strong topology of 

Li{a,b;X). 

We will need the following simple Lemma. 

Lemma 2.1. Let X be a Banach space, (a, 6) be a bounded real interval and f{t) G L'^{a,b;X) for 
some 1 < q < +oo. Then if we denote 

if t(^{a,b), 
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then 

lim / \\f{t + h)^J{t)\\\dt^Q, (2.2) 



and 



lim / i\t W + ^) - f(t)\\\dr] dt ^ . (2.3) 



-h / 



Moreover, for every sequence En — > 0^ as n ^ +oo, up to a subsequence, still denoted by Sn we have 



1 '•1 



lim — / \\f(t+T)~f(t)\r^dT ^ lim / \\f(t+ens)-f{t)\\l,ds = for a.e. t e R . {2A) 



See the proof of this Lemma in the end of the Appendix. 

Definition 2.4. Let X be a reflexive Banach space and let (a, b) be a finite real interval. We say 
that v{t) G Li{a, b; X) belongs to VF^'«(a, 6; X) if there exists f{t) e L'^ia, b; X) such that for every 
S{t) G C^((a, &);X*) satisfying suppJ CC (a, 6) we have 

b b 

dS 



{fi^mx.x-^dt^- iv{ti-{i^)^^^^dt 



In this case we denote f(t) by v'{t) or by ^{t). It is weh known that if v{t) e W^^'^(a, 6;X) then 
v{t) is a bounded and continuous function on [a,b] (up to a redefining of v{t) on a subset of [a, 6] 
of Lebesgue measure zero), i.e. v{t) € C"([a,5];X) and for every (5(t) £ C^([a, 6];X*) and every 
subinterval [a, /3] C [a, &] we have 

B 

&^^^'^)x.x^ + S(*))xxx.}^* = (^(^)'^('5))xxx. - '5("))xxx^ • (2-5) 

Lemma 2.2. Lei X and Y be two reflexive Banach spaces, S G C{X,Y) be an injective operator 
(i.e. it satisfies kei S = 0) and (a, 6) be a finite real interval. Then if u{t) G L'^{a,b; X) is such that 
v{t) := S ■ u{t) G W'^^'^{a,b;Y) and there exists f{t) G Li{a,b;X) such that ^{t) = 5 • f{t) then 
u{t) G Vri'9(a,&;X) and ^{t) = f(t). 

Proof. By the definition for every 5{t) G C^((a, &); F*) satisfying supp(5 CC (a, b) we have 

b b 



Next let S* G £(F*,X*) be the adjoint to S operator defined by 

{x,S* ■ y*)xy,x- ' ^^y*)Yy.Y' ^^"^ ^'^'^'^y y* £Y* andx e X . 

Then, by ([^ . for every (5(t) G ((a, &); F*) satisfying supp(5 CC (a, 6) we have 5'* • 5{t) G 
Ci((a,&);X*) and 

6 b b 

I (^W'^*-^W>XX.^^^--/ (^W'^*-§WLx^^^--/ (^W'^^^^)..^^^^- 

a a a 

(2.7) 

However, S is an injective operator and thus S* must have dense range in X*. Therefore for every 
(p{t) G ((a, &); X*) satisfying supp(^ CC (a, &) there exists a sequence {(5„(t)} C C^((a, 6);F*) 
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satisfying supp (5„ CC (a, b) and such that S* ■ (5„(i) — > ip{t) in X* uniformly by t and S* ■ ^{t) ^• 
^(t) in X* uniformly by t. Therefore, by (I2.7p we deduce 

b b 
a a 

for every Lp{t) E C^((a, 6);X*) satisfying supp(p CC {a,b). This completes the proof. □ 

Definition 2.5. Let X be a Banach space. We say that a function 'if{x) : X — >■ M is convex (strictly 
convex) if for every A G (0, 1) and for every x,y E X s.t. x ^ y we have 

«'(Ax + (1 - A)y) < ( < ) A^'(a;) + (1 - A)*(?;) . 

It is well known that if \E'(x) : X — R is a convex (strictly convex) function which is Gateaux 
differentiable at every x € X then for every x,y € X s.t. x ^ y we have 

*(?/) > (>) '^{x) + (y-x,D^{x)^ ^ (2.8) 

and 

(^y~x,D^iy)^D^ix))^^^^ >(>) 0, (2.9) 

(remember that D^!{x) G X*). Furthermore, ^' is weakly lower semicontinuous on X. Moreover, if 
some function 5* (a;) : X — > K is Gateaux differentiable at every x G X and satisfy either (|2.8p or 
(12. 9p for every x,y E X s.t. x y, then ^'(y) is convex (strictly convex). 

Definition 2.6. Let X be a reflexive Banach space and let ^>{x) : X ^ R be a convex function. 
For every y G X* set the Legendre transform of ^I* by 

**(?/) ~sup{(z,y)_^^^. -'fiz) : z G x} . 

Lemma 2.3. Let X be a reflexive Banach space and let 'I'(x) : X [0,+oo) be a .strictly convex 
function which is Gateaux differentiable at every x E X and satisfies ^'(0) = and 

lim —^^{x) = +O0 . (2.10) 

\\x\\x^+oo \\x\\x 

Then '9*{y) is a strictly convex function from X* to [0,+oo) and satisfies ^'*(0) = 0. Furthermore, 
^'*(?/) is Gateaux differentiable at every y E X* . Moreover x E X satisfies x = D^!*{y) (remember 
that D'^*{y) E X** = X) if and only if y E X* satisfies y = D^{x) (remember that D^{x) E X*). 
Finally if in addition satisfies 

{llCa)\\x\\\~C^<^{x)<Co\\x\\\ + Ca VxeX, (2.11) 

for some q > I and Cq > 0, then 

{l/C)\\yr^'-C<^*iy)<C\\yr^.+C Vy E X* , (2.12) 

for some C > depending only on Cq and q, where q* := q/iq ~ !)■ Moreover, for some Cq, C > 0, 
that depend only on C and q from (12. lip , we have 

\\D^ix)\\x' I^CoWxW"^' + Co yxEX, (2.13) 

and 

\m*iy)\\x<C\\y\\''x^' + C VyGX*. (2.14) 



8 



Proof. First since VE'(O) = it is clear that for every y e X* we have > 0. Next since for every 

X e X we have ^(2;) > then **(0) < and so ^'*(0) = 0. Next by the growth condition (pHI)) 
we deduce that ^*{y) < +00 for every y e X*. So VE'*(?/) : X* [0, +00). Moreover, it easy fohows 
from the definition of Legendre transform, that ^'*(?/) is a convex function on X* . 

Next since ^' is weakly lower semicontinuous on X and satisfies growth condition p.lOp then for 
every y Cz X* there exists Zy (z X such that 

^{zy) ~ {zy,y)^^^, ^ inf {^{zy < z,y>xxX'- z e X} , (2.15) 

i.e. 

^*iy):^{zy,y)^^^,-M>izy). (2.16) 

Moreover we have 

D^{zy)=y, (2.17) 
However, since 4' is a strictly convex function, by (j2.9p for every z £ X s.t. z ^ Zy we must have 

{z - zy, D^{z) ~ D^{zy))^^^, > . (2.18) 
Therefore, in particular for every y G X* z ~ Zy is a, unique solution of the equation _D^(z) y and 

for every yi, 2/2 G X* s.t. yi ^ j/2- Next let yo, h E X* . Then by the definition of 'i* for every s e K 
we have 

^ (^2/o>)xxx* ^ **(2^o + - **(2'o) < s {z(vo+sh),h)^^^, . (2.20) 

On the other hand by (|2.15p we have 'i'{z(^yg+sh)) < {zya+shiVa + *^)xxx* ' Therefore, using growth 
condition (|2.10p we deduce that there exists (7 > such that Ijzyo+s/iljx < C for every s G (—1, 1). 
Thus using the fact that X is reflexive we deduce that for any sequence {sn}t^i C (-1, 1) such that 
lim„^+oo Sn — 0, up to a subsequence, we must have Zy^+s^h z weakly in X. However, by (I2.15P 
we have 

'^{^(yo+s^h)) - {z{yo+s„h),yo + Snh)^^^, < *(z)- < z,ya + Snh >xxX' VzeX. (2.21) 

Then tending n — > +00 in (12.211) . using the fact that, up to a subsequence, %o+s„/j. ^ z and that 
is weakly lower semicontinuous function we deduce that 

*(z)- < f,yo >xxx-< *(^)- < ^,2/0 >xxx- VzGX. (2.22) 

So z is a minimizer to (|2.15p with y ^ ya and therefore, Z?^(z) = yo- On the other hand z — Zy^ is a 
unique solution of the equation Z?^(z) = yo- Therefore, z — Zy^^. So by (j2.20p . up to a subsequence, 
we have 

^h*iyo + Snh) - ^*iyo)) ^ {zy„,h)^^^, . (2.23) 
Since the sequence Sn was chosen arbitrary we deduce that 

hmi(vI/*(yo + s/i)-**(yo)) ^ (zyo^h)^.^^, . (2.24) 

Finally yQ,h £ X also were chosen arbitrary and therefore we deduce that ^'*(y) is Gateaux differ- 
entiable at every y £ X* and I?^*(y) = Zy. Thus since z = Zj, is a unique solution of the equation 
D'^{z) = y we deduce that D'^*{y) = z if and only if D'i'{z) — y. Moreover by (|2.19p we deduce 
that 

{D^*iyi)-D^*iy2),yi-y2)x,j,,>0, (2.25) 

for every 2/1,2/2 S X* such that yi ^ y2- So 5** is a strictly convex on X* function. 
Next if we consider function ((y) : X* — > M defined by 

C{y) sup { < z,y >xxX' -^Ikll^ • z £ X} , 
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for some fc > 0, then 

Ciy) ^ sup {t<z,y>xxx' -^tl" : teR, zeX, |lz|U = 1} = 

sup {K\<z,y>x^X' f : zeX, \\z\\x ^ l} = KWyW^^, , 

for some K > depending only on k and q. Thus using growth condition (|2.1ip and the definition 
of ^* we easily deduce growth condition p.l2p . So it remains to prove that growth condition p.l3p 
follows from growth condition (|2.1ip and (|2.14p follows from ()2.12p . Indeed since is convex, from 
p.Sp . for every x,h £ X we have 

(h, D^ix))^^^, < + h)- ^{x) . (2.26) 
Therefore, for every x,h £ X such that \\h\\x < 1 and ||a;||x > 1 we have 

{h,Dn^))^^^,<jl^[^{x+\\x\\xh)-^{x)). (2.27) 

Thus using growth condition p. Ill) we deduce that for every x,h G X such that \\h\\x < 1 and 
\\x\\x > 1 we have 

{h,D^{x))^^^,<C\\xr^-\ (2.28) 

and so 

\\D^{x)\\x' <C\\x\\''x\ (2.29) 
for every x which satisfy \\x\\x > 1- However, by (I2.26|) and (|2.1ip we have 

{h,D^ix))^^^,<C, (2.30) 

for every x,h G X such that \\x\\x < 1 and \\h\\x < 1, where C > is a constant. So ||D^'(x)||x* < C 
for every x which satisfy \\x\\x < 1- This together with (|2.29p gives the desired result (|2.13l) . Finally, 
^* is a convex on X* and satisfy (|2.12p . Therefore, (|2.14p follows exactly by the same way. □ 

Definition 2.7. Let Z be a Banach space and Z* be a corresponding dual space. We say that the 
mapping A(z) : Z — > Z* is monotone (strictly monotone) if we have 

(y-z,A(y)-A(z)) >(>)0 Vy^zeZ. (2.31) 

\ / ZxZ* 

Definition 2.8. Let Z be a Banach space and Z* be a corresponding dual space. We say that the 
mapping A(z) : Z — > Z* is pseudo-monotone if for every sequence {zn}n^i C Z, satisfying 

Zn ^ z weakly in Z and lim (z„ — z,A(z„)) <0 (2.32) 

n— !- + oo \ / ZxZ' 

we have 

lim (z„-y,A(z„)\ >(z-y,A{z)) G Z . (2.33) 

n^+oo \ /ZxZ* \ I ZxZ* 

Lemma 2.4. Let Z he a Banach space and Z* be a corresponding dual space. Then the mapping 
A(z) : Z ^ Z* is pseudo-monotone if and only if it satisfies the following conditions: 

(i) For every sequence {z„}^^ C Z, such that z„ ^ z weakly in Z we have 

lim (z„-z,A(z„)\ >G. (2.34) 

n^+oo \ ' ZxZ* 

(ii) If for some sequence {zn}^^ C Z, such that z„ ^ z weakly in Z we have 

lim (z„-z,A(z„)\ =0, (2.35) 

n-s-+oo \ / ZxZ* 

then A(z„) ^ A(z) weakly* in Z* . 
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Proof. Assume that the mapping A(z) : Z — > is pseudo-monotone. Choose arbitrary sequence 
Zn ^ z weakly in Z and denote 

K= lim (z„-z,A(z„)) 

n^ + oo \ ' ZxZ' 

Then, up to a subsequence, still denoted by z„ we have 

lim (z„-z,A(z„)) 

n^+oo \ / ZxZ* 

Thus if we assume that < 0, by (|2.33l) with y = z we deduce K > 0. Therefore, since the sequence 
Zn ^ z was chosen arbitrary we deduce that for every sequence {zn}n^i C Z, such that Zn ^ z 
weakly in Z we have (|2.34p . Next assume that for some sequence {zn}^!^^ C Z, such that Zn ^ z 
weakly in Z we have (|2.35p . Then, by (j2.33p for this sequence we must have 

lim (z„ - z, A(2:„) ) ==0 and lim ( z„ - y, A(z„) ) > (z-y,A{z)) \ly <E Z . 

n^+oo \ / ZxZ' n-^+oo \ IXxX' \ IZxZ* 

(2.36) 

Therefore, plugging the first equality in (j2.36p into the second inequality we obtain 

lim (z-y,A(z„)\ >lz~y,K{z)) 'iy ^ Z . (2.37) 

n— S- + 00 \ ' ZxZ" \ I ZxZ* 

We can rewrite (|2.37p as 

lim (/i,A(z„))^^^. > (/i,A(z))^^^. V/iGZ. (2.38) 
Thus, interchanging between h and —h in f|2.38p we obtain 

„5i^^('^'A(-«))zxz. < ('^.A(-))zxz. V/^e Z. (2.39) 
So, by plugging (|2.38l) and (|2.39p we finally deduce 

^liin^(/^,A(z„))^^^.=(/.,A(z))^^^. V/^eZ. (2.40) 

I.e. A(z„) ^ A(z) weakly* in Z* . 

Next assume that the mapping A(z) : Z — > Z* satisfies the conditions (i) and (ii). Consider the 
sequence {2;„}^^ C Z, satisfying 



Zn ^ z weakly in Z and lim {Zn — z. A(z„) ) < 

n^ + oo \ 'V ZxZ' 

Then by condition (i) we must have 

lim (z„-z,A(z„)\ =0. (2.41) 

ri-!- + oo \ / ZxZ' 

Thus by condition (ii) we must have 

lim (z-t/,A(z„)\ -(z-y,A(z)) VySZ. (2.42) 

ri-!-+oo \ I ZxZ' \ I ZxZ' 

Thus by ^^^M) and ([2:42|) we finally deduce 

lim (z„-y,A(z„)) = lim (z„-z,A(z„)) + lim (z - y, A(z„)) 

?7^ + oo \ I ZxZ' n^+oo\ I ZxZ' n^+oa \ I ZxZ' 

= + (z~y,A(z)) yyeZ. (2.43) 

\ / ZxZ' 

Thus, the mapping A(z) : Z — > Z* is pseudo-monotone. □ 
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Lemma 2.5. Let Z be a Banach space and Z* be a corresponding dual space. Assume that the 
mapping A(z) : Z ^ Z* is monotone. Moreover assume that A(z) : Z ^ Z* is continuous for every 
z Cz Z or more generally the function Cz.h{t) : M — !■ R, defined by 

C,z,h{t) (h,K{z -th)^ ^ ^ 'iz,h(zZ, VteM, (2.44) 

is continuous on t for every z,h (z Z . Then the mapping A(z) is pseudo-monotone. 
Proof. Assume that the mapping A(z) : Z — !■ Z* is monotone. I.e. 

(y-z,A{y)-A{z)) >0 Vy,zeZ. (2.45) 

Then in particular for every sequence {zn}^!^i C Z, such that z„ ^ z weakly in Z, we obtain 

lim /z„-z,A(z„)\ > lim /z„-z,A(z)\ =0. (2.46) 

n — ^+oo ^ ' Zy.Z* n— ^+00 ^ ' Zy.Z'^ 

So the condition (i) of Lemma is satisfied. Next assume that the sequence {^kI^^Jl ^ satisfies 



Zn ^ z weakly in Z and lim ( z„ — A(z„) ) =0. (2.47) 

S- + 00 \ / ZxZ* 

We will prove now that we must have A(z„) ^ A(z) weakly* in Z* . Indeed, by (|2.45p we obtain 

lim (z„-y,A(z„)-A(j/)\ >0 VyeZ. (2.48) 

ji^+oo \ ' ZxZ* 

Thus plugging (P^TT)) into we deduce 



lim (z-2/,A(z„)) = lim (z„-y,A(z„)) > 

^ I ZyZ' r,^+oo \ I ZxZ' 



hm (z„-y,A(y)\ =(z-j/,A(y)) VyeZ. (2.49) 

„_>+oo \ I ZxZ* \ I ZxZ* 

Then choosing y := z — th in (|2.49p for arbitrary h E Z and t > wc obtain 

lim (h,A(zn)) >(h,A(z-th)) V/ieZ,Vt>0. (2.50) 

^ + no \ / ZxZ* \ / ZxZ* 



Therefore, tending t — > 0+ in p.50p and using the continuity of the function in the r.h.s. of ()2.50p 
we infer 

hm (/i,A(z„))^^^, > (/i,A(z))^^^. yheZ. (2.51) 

Thus, as before, interchanging between h and —h in (j2.51D we obtain 

„5?^('^'A(z„))^^^. < (^A(z))^^^. yheZ. (2.52) 

So, by plugging p.5ip and ()2.52p we finally deduce 

Ju^Jh,Aiz^))^^^,^{h,Aiz))^^^, meZ. (2.53) 

I.e. A(z„) A(z) weakly* in Z*. So the condition (ii) of Lemma l2.4l is satisfied. Therefore, by this 
Lemma the mapping A(z) is pseudo-monotone. □ 

Lemma 2.6. Let Y and Z he two reflexive Banach spaces. Furthermore, let S £ C(Y; Z) he an 
infective operator (i.e. it satisfies ker S = {0} j and let S* G C{Z*;Y*) be the corresponding adjoint 
operator, which satisfies 

(y,5*-z*)^^y. :=(5.y,z*)^^^. for every z* e Z* and y e Y . (2.54) 

12 



Next assume that a, 6 g R s.t. a < b. Let w(t) G L°°(a, &; Y) be such that the function v : [a,b] ^ Z 
defined by v{t) :— S ■ {w{t)) belongs to W^'''{a, b; Z) for some q > I. Then we can redefine w on a 
subset of [a, b] of Lebesgue measure zero, so that w{t) will be Y -weakly continuous in t on [a, b] ( i.e. 
w £ C^(a, ). Moreover, for every a < a < f3 < b and for every S{t) € C^([a, 6]; Z*) we will 
have 

(2.55) 

Proof. It is well known from the functional analysis that if Y and Z are reflexive Banach spaces 
and the operator S e C{Y] Z) is injective then the corresponding adjoint operator S* e C{Z*;Y*) 
has dense image in Y* . Next as it already was mentioned as a comment to Definition 12.41 that since 
v{t) G W^''^{a,b] Z) we have v{t) S C°([a, &];Z) (up to a redefining of v{t) on a subset of [a,b] of 
Lebesgue measure zero) and for every 6{t) G C^([a, and every subinterval [a,/?] C [a, 6] we 

have 

a 

Moreover, there exists set A C [a,b] such that £^[[a,b] \ A) — and v{t) :— S ■ {w{t)) for every 
t € A. On the other hand, for every / S [a,b] we have v{t) v{l) weakly in Z as t e [a,b] — )■ l^. 
Thus for every / G [a, b] and for every sequence {tn}n^i <^ such that lim„_^+oo tn — I we have 

lim (w{tn),S* ■ h) _^ ^ lim (S-w{tn),h) 

= „4^oo '^)zxz. - («(0> /^)zxz* V/. e . (2.57) 

However, since w{t) E L°°{a,b;Y) and since F is a reflexive space, we obtain that there exists 
w{l) e Y such that, up to a subsequence of {t„}, still denoted by {tn}, we have w{tn) w{l) 
weakly in Y. Plugging it into (|2.57p we deduce 

{S-w{l),h)^^^,={w{l),S* ■h)Y^^,={v{l),h)^^^^, VheZ*. (2.58) 

I.e. 

S-w{t) = v{t) yte[a,b]. (2.59) 

Moreover, clearly uj{t) £ L°°{a, b; Y). On the other hand since v{t) := S ■ {w{t)) for every t £ A and 
since 5* is injective we obtain 

w{t) = w{t) for a.e. t £ [a, b] . (2.60) 
However, since for every / £ [a, b] we have v{t) v{l) weakly in Z as i G [a, b] ~> l^ , we infer 

lha {w{t),S* ■ h)^^^, - ^hm (5 • w{t), h)^^^, - ^hm {v{t), h)^^^, = 

{v{l),h)^^^,^{S-w{l),h)^^^,={w{l),S* -h)^.^^, ^h£Z*. (2.61) 

Therefore, since S* has dense image in Y* and since w{t) £ L^{a,b\Y) we deduce il]{t) w{l) 
weakly in Y. Finally plugging (12. 59^ into (12. 56^ we obtain (|2.55p with w. □ 

Definition 2.9. Let X be a reflexive Banach space and X* the corresponding dual space. Further- 
more let 7J be a Hilbert space and T £ C{X, H) be an injective (i.e. it satisfies kerT = {0}) inclusion 
operator such that its image is dense on H. Then we call the triple {X,H,X*} an evolution triple 
with the corresponding inclusion operator T. Throughout this paper we assume the space H* be 
equal to H (remember that 7J is a Hilbert space) but in general we don't associate X* with X even 
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in the case where X is a Hilbert space (and thus X* wiU be isomorphic to X). Further we define 
the bounded Unear operator T G C{H\ X*) by the formula 

{x,f -y)^^^, := (T ■ x,y)^^^ for every y G and a; G X . (2.62) 

In particular ||T||£(/f;js:*) = l|2^ll£(x ^^^id since we assumed that the image of T is dense in H we 
deduce that kerT = {0} and so T is an injective operator. So T is an inclusion of H to X* and the 
operator / := T o T is an injective inclusion of X to X* . Furthermore, clearly 

{x,I ■ z)^^^, = (T ■ x,T ■ z) ^^^ = {z,I ■ x) ^^^^ for every x, 2; e X . (2.63) 

So / G C{X,X*) is self-adjoint operator. Moreover, / is strictly positive, since 

{x,I ■x)^^^, = \\T -xfjjyQ Vxt^OgX. (2.64) 

Lemma 2.7. Let X be a reflexive Banach space and X* the corresponding dual space. Furthermore 
let I G C{X,X*) be a self-adjoint and strictly positive operator, i.e. 

{x,I ■ z)^^^, ^ {z,I ■ x)^^^, for every x,z e X , (2.65) 

and 

{x,I ■ x)^^^, > yx^OeX. (2.66) 

Then there exists a Hilbert space H and an injective operator T G C{X, H) (i.e. kerT = {0} ), whose 
image is dense in H , and such that if we consider the operator T G C{H: X*), defined by the formula 
(|2.62[) . then we will have 

{foT)-x^I-x yxeX. (2.67) 

I.e. {X, H, X*} is an evolution triple with the corresponding inclusion operator T G C{X;H), as it 
was defined in Definition \2.9\ together with the corresponding operator T G C{H;X*), defined as in 
([2J21) . and I = foT. 

Proof. Since / is a self-adjoint and strictly positive operator, the identity 

((x, z)) := (a;,/ • z)^^^, = (z, / • a;)^^^, for every a;, z G X , (2.68) 

defines a scalar product in X and the corresponding Euclidian norm | |a;| | := y/<< x, x >>. Denote 
the closure of the space X with respect to this Euclidian norm by H and the trivial embedding of X 
into H by T. Thus H will be a Hilbert space and T G C{X, H) will be an injective bounded linear 
operator whose image is dense in H . Moreover, 

(T-a;,T-z)^^^ = ((x,z)) = (a;,/-z)^^^. for every x, z G X . (2.69) 
Thus if we consider the operator T G C{H\ X*), defined as in (|2.62l) . by the formula 

(x,r-2/)^^^. (T-x,y)^^^ for every y G iJ and a; G X , (2.70) 
then plugging (|2.70l) into (|2.69p we deduce 

{x,{f oT) ■ z)^^^, = {T ■ x,T ■ z)^^^^ = {x,I ■ z)^^^, for every a;, z G X . (2.71) 

I.e. ToTeeI. □ 
Next as a particular case of Lemma 12.61 we have the following Corollary. 
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Corollary 2.1. Let {X, iJ, X*} he an evolution triple with the corresponding inclusion operator 
T G C{X;H), as it was defined in Definition \2.9[ together with the corresponding operator T e 
C{H; X*), defined as in p.62|) . and let a, 6 G M be s.t. a < b. Let w{t) G L°°{a,b]H) be such that 
the function v : [a,b] — ^ X* defined by v{t) := T ■ belongs to W^''^{a,b; X*) for some q > 1. 

Then we can redefine w on a subset of [a, b] of Lebesgue measure zero, so that w{t) will be H -weakly 
continuous in t on [a, b] (i.e. it; G Cji(a, b; H) ). Moreover, for every a < a < j3 < b and for every 
S{t) G ([a,b]; X^ we will have 

fi 

(2.72) 

Lemma 2.8. Let {X, H, X*} be an evolution triple with the corresponding inclusion operator T G 
C{X; H), as it was defined in Definition \2.iA together with the corresponding operator T G C{H; X*), 
defined as in (|2.62p . and let a.b £ W be s.t. a < b. Let u(t) G L'^{a,b] X) for some q > 1 such 
that the function v{t) : [a,b] X* defined by v{t) :— L ■ belongs to W^''^ {a,h;X*) for 

q* :— q/{q ~ 1), where we denote I :— T oT : X — > X* . Then the function w(t) : [a, b] ^ H defined 
by w{t) :— T ■ (u(t)) belongs to L°° [a,b; H) and for every subinterval [a, 13] C [a,b\ we have 

("(^)' ^^^))xxx*'^^ = \{\\^m\l - WH^Wh) , (2.73) 

up to a redefinition of w{t) on a subset of [a, b] of Lebesgue measure zero, such that w is H-weakly 
continuous, as it was stated in Corollary \2.1\ . 

Proof. Clearly for every t G [a, b] we have f-w{t) = v{t). Next by for every 5{t) G C^{[a, b];X) 

and every subinterval [a, P] C [a, b] we have 

t^^)x.x> + (f ^')'"^')>xxx*}^* = mMP))^^^, - {6(a), via)) . (2.74) 

a 

Fix two numbers a < a < /3 < b. Let rj G C^(R,R) be a mollifying kernel, satisfying rj > 0, 
J^r]{t)dt = 1, supp?7 C [—1, 1] and ri{—t) = r]{t) G K. For every < e < (/3 — a)/2 and every 
t G [a,b] consider Ue{t) G X, We{t) G H and Ve{t) G X* defined by 



{uS).5)^^^. -.^-J rj[^){uis),S)^^^,ds ySeX*, (2.75) 

a 

{wS),h)^^^:=-J T^(^^){w{s),h)^^^ds \fheH, (2.76) 

a. 
fi 

{x,vS))x.X' v{^){x,v{s))x^x,ds VxeX, (2.77) 



(It is clear that the formulas (|2.75p . (|2.76p and p. 771) define bounded linear functionals on X*, H 
and X respectively and thus the elements oi X, H and X*). We also easily obtain 

T ■ {u,{t)) = We{t) and T ■ [wS)) = • (2-78) 
Moreover, clearly Ue(t) G C^{[a,b],X), Ve{t) G C^{[a,b],X*) and 



"'•§W>.v.x.=-Fr"'(¥)<->«<»»xxx.* V«X, (2^80) 
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Next since u{t) e L'i{a,b;X) and v{t) e L"^' {a,b; X*), by (US]) from Lemma we infer 

Mm u,{t) = u{t) in L'^{a,P;X) and lim v^{t) ^ v{t) in L"^' {a, (3; X*) . (2.81) 

Then, testing ()2.74p with Ue{t) instead of S{t), we obtain 

(2.82) 

On the other hand, using (|2.79p we obtain 



1 f f ,/s-t 



a a 



<9 /J 

2 r r 



However, since rj is even and therefore ry' is odd, we have 

13 P 13 P 

a a a a 

Therefore, by (|2.83p we deduce 

P 

/(^W'^W),_c.^ = 0. (2.84) 

a 

Plugging it to p.82p and using p.Sip we obtain 

^Um |(u,(/3),«(/3))^^^.-(u,(a),«(a))^^^.|=. J (^u{t),^^{t)) ^^^dt . (2.85) 

On the other hand, using (|2.4p from Lemma [2TT1 we infer that there exists a sequence Cn 0"^, such 
that for a.e. /3 G (a, b) we have 



(Me,.(a),w(a))xxx- ^ ~ v(^—-^){u{T),v{a)) 



V{s){u{a + ens),v{a)) ^^^,ds -{u{a),v{a)) , (2.86) 
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and by the same way for a.e. a, (3 ^ (a, b) we have 

{u,^{P),v{P))^^^, ^ ]^{u{P),v{P))x.X' ■ (2-87) 

(Note that u,. in (|2.86l) and p.87p depends on the mterval (a,/?)). Thus, usmg (|2.85p together with 
(fZlel) and ([?!87| . for a.e. a,/3 we obtain 

a 

Therefore, using (|2.88p . for a.e. a,/3 we deduce 

= / {u{t),'^^{t))^^^dt. (2.89) 

In particular we obtain w G L°°{a, b; H). Thus we can redefine w on a subset of [a, b] of Lebesgue 
measure zero, so that 'w{t) wiU be i/- weakly continuous, as it was stated in Corollary 12.11 Finally 
by for all [a, /3] C [a, 6] we have 

P 

}%[{^e{li)Mfi))H^H~{wM)M^))H.H]= j ("W'f W);,,^.^*- (2.90) 

a 

However, since w is _ff-weakly continuous for all a, /?, as e — > 0+ we have 

/3 



(we(a),w(a))^^^ = J / r/(^— ^)(u;(T),w(a))^^^dr 



e 
1 



= / 'n{s){'w{a + es),w{a))^^^ds^]-\\w{a)\\]j, and 
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Therefore, by 1^:^ we obtain (^75)) aheady for ah a, /3. □ 

We will need in the sequel the following compactness results. 

Lemma 2.9. Let X , Y Z be three Banach spaces, such that X is a reflexive space. Furthermore, let 
T g C{X; Y) and S G C{X; Z) be bounded linear operators. Moreover assume that S is an injective 
inclusion (i.e. it satisfies ker S = {0}) and T is a compact operator. Assume that a, 6 € K such that 
a < b, 1 < q < +00 and {w„(t)} C L'^{a,b; X) is a bounded in L'^{a,b; X) sequence of functions, 
such that the functions w„(i) : (a, b) — > Z , defined by u„(t) :— S ■ (un{t)) , belongs to L°°{a, b; Z), the 
sequence {vn{t)} is bounded in L°°{a,b;Z) and for a.e. t e (a, 6) we have 

Vn{t) v{t) weakly in Z as n ^ +oo . (2.91) 

Then, 

{T ■ (u„(t))} converges strongly in L'^{a,b;Y) . (2.92) 
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Proof. First of all we would like to observe that without loss of generality we may assume that the 
spaces X, Y and Z are separable. Indeed, in the general case since Un{t) € L''{a,b;X) then u„ 
is strictly measurable. Thus in particular u„ is separately valued, i.e. for every n there exists a 
separable subspace X„ C X such that u„(t) G X„ for a.e. t G (a, 6). Define X be the closure 
in X of the linear span of [J^^i ^n- Then X is a separable subspace of X by itself and by the 
construction for a.e. t e (a, b) for every n we have Un{t) G X. Then we also can define Y and Z as 
the closures of the images of the subspace X under the transformations T and S respectively. So Y 
and Z are separable subspaces of Y and Z respectively. The new spaces X, Y and Z together with 
the operators T^X and S\-X and the functions Un{t) G L'^{a,b;X) satisfy all the conditions of the 
present lemma. 

Therefore, from now we assume the spaces X, Y and Z to be separable. Thus by Lemma lA.31 
from the Appendix there exists a separable Hilbert space U and an operator L € C{Z; U) such that 
L is injective (i.e. kerL = {0}) and compact. Thus since L is a compact operator, by (j2.9ip . for 
a.e. t G (a, b) we have 



L ■ Vn{t) — > L • v{t) strongly in [/ as ; 



(2.93) 



Moreover, the sequence {L ■ u„(i)} is bounded in L°°{a, b; U). Therefore, by the Dominated Conver- 
gence Theorem we deduce that 



{Lo S) ■ {un{t)) = L ■ {vn{t)) L ■ {v{t)) strongly in L«(a, b; U) as n ^ + 



oo . 



(2.94) 



Next since S and L are injective inclusions, we deduce that Lo S G C{X, U) is an injective inclusion. 
Therefore, using Lemma lA.ll from the Appendix we deduce that for every e > there exists > 
such that for all n, m G N we must have 



T-Un+m{t)~T-Un{t) 



< e 



(tyunit) 



+Ce 



X 



{LoS)-Un+rn{t)-{LoS)-Un(t) Vt G (fl, 6) 



(2.95) 



Therefore, for every e > 0, for all n,m G N we obtain 

T ■ (Un+rnit)) - T ■ {un{t)) 

< e 



[t) - Unit) 



Li{a,b;X) 



(t)) - L ■ (vnit)) 



Li(a,b-U) 



(2.96) 



However, since the sequence is bounded in L'^{a, b; X), using (|2.96p we deduce that there exists 
a constant Co > independent on e such that 



T • [un+m{t)) - T ■ {u„{t)) 



Li{a,b;Y) 



< Cos + Ce 



L ■ {Vn+rnit)) ~ L ■ (w„(i)) 



Li{a,b-U) 



(2.97) 



On the other hand, by (j2.94p . there exists tt-q = ^0(2) € such that for every n > uq and every 
m G N we have 



L ■ {Vn+m{t)) - L ■ {Vn{t)) 



e 

< — . 



(2.98) 



Li{a,b-U) Ce 

Thus, plugging (|2.98p into (|2.97l) . we obtain that for every n> and every m G N we must have 



{t))~T-{un{t)) 



L''(a,b-Y) 



< (Co + l)e. 



(2.99) 



Therefore, since e > in ()2.99p is arbitrary and since L'^{a, b; Y) is a Banach space we finally deduce 
(12:9211 . □ 

Lemma 2.10. Let Z be a reflexive Banach space and let {vnit)}^^^ C W^-\a,b;Z) be a sequence 

of functions, bounded in W^'^{a,b; Z) . Then, {vn{t)}^^-^ is bounded in L°°{a,b; Z) and, up to a 
subsequence, we have 



i{t) v(t) weakly in Z as n — >■ +00 , for a.e t G (a, b) . 



(2.100) 
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Proof. As before without loss of generality we may assume that the space Z is separable. Thus 
since Z is a reflexive we deduce that the space Z* is also separable. Next since W^'^{a,b; Z) is 
continuously embedded in L°°{a, b; Z), there exists a constant C > such that 

\\vn{t)\\z<C V< e JHo C (a, &) , (2.101) 

where £^((a, &) \ *Ho) — 0. On the other hand, since Z* is separable, there exists a sequence 
C Z* which is dense in Z*. For every j,n £ N and every t £ (a, b) set 

h(^^{t):^{vn{t),a,)^^^,£W''\a,b;R). (2.102) 

Then for every fixed j the sequence {/i«^(t)}+ri is bounded in W^i^i(a, 6; R). Thus since the em- 
bedding of W'^'^{a,b;M.) into L^{a,b;M.) is compact and since every L^-convergent sequence has a 
subsequence which converges almost everywhere, there exists an increasing sequence C N 

and a set 9li C such that C^{{a, b) \ <Ki) = and linifc^+oc a) (0 = h'^^K't) for every t £ fRi. 

In the same way there exists a further subsequence C and a set C 5Hi 

such that /:^((a,6) \ 9^2) = and limfe^+00 ^^^2) (^) = h^^Kt) for every t £ *H2- Continuing this 

process we obtain that for every m £ N there exists a subsequence C {"-fc™'}^^ and 

a set fR™+i C D\„i such that £^((0,6) \ = and limfc^+00 (^) = for every 

t £ O^m+i- Thus taking the diagonal subsequence we obtain that, up to a subsequence, still denoted 
by Vn{t) we have 

lim {v„{t),a,)^.^^,^m{t) m£m, VjeN, 

where *K := n^'l°^9lj. Moreover, clearly we have £'^(^{a,b) \ ^) =0. Therefore by the fact that 
{cTjI+f^ C Z* is dense in Z* and by p.lOip we obtain that 

Vn(t) v(t) weakly in Z as n — >■ +00 , S *K , 

i.e. almost everywhere in (a, 6). □ 

As a direct consequence of Lemma 12.91 and Lemma l2.10l we have the following Lemma. 

Lemma 2.11. Let X, Y and Z be three Banach spaces, such that X and Z are reflexive. Fur- 
thermore, let T £ C{X;Y) and S £ C{X]Z) be bounded linear operators. Moreover assume that S 
is an injective inclusion (i.e. it satisfies ker S* = {0} j and T is a compact operator. Assume that 
a, 6 G K such that a < b, 1 < q < +00 and {u„(t)} C L'^{a, b\ X) is a bounded in L'^{a, b; X) sequence 
of functions, such that the functions Vn{t) : {a,b) — > Z, defined by Vn{t) :~ S ■ (un{t)) , belongs to 
W^'^{a,b; Z) and the sequence {^§f{t)} is bounded in L^{a,b; Z). Then, up to a subsequence, 

{T ■ (un{t)) } converges strongly in L'^{a, b; Y) . (2.103) 

3 The properties of the Euler-Lagrange equations 

Definition 3.1. Let {X, H, X*} be an evolution triple with the corresponding inclusion operator 
T £ C{X;H), as it was defined in Definition 12.91 together with the corresponding operator T £ 
C{H;X*), defined as in (I2.62p . and let a, 6 e R be s.t. a < b. Let u{t) £ L'^{a,b;X) for some q> I 
such that the function v{t) : [a.b] X* defined by v{t) := I ■ {u{t)) belongs to W^'"^* {a,b; X*) 
for q* := q/{q — 1), where I :— T o T : X — >■ X*. Denote the set of all such functions u by 
TZq{a,b). Note that by Lemma [2.81 for every u{t) £ Tlq{a,b) the function w{t) : [a,b] -> H defined 
by w{t) :— T ■ (u(i)) belongs to L°°{a, b; H) and, up to a redefinition of w{t) on a subset of [a, b] of 
Lebesgue measure zero, w is i/- weakly continuous, as it was stated in Corollary [23] 
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Definition 3.2. Let {X, H, X*} be an evolution triple with the corresponding inclusion operator 
T E C{X;H), as it was defined in Definition 12.91 together with the corresponding operator T e 
C{H;X*), defined as in (|2:62|) . and let A G {0,1} and a,b,q e M be s.t. a < 6 and g > 2. 
Furthermore, for every t G [a,b] let 5't(a:) : X — >■ [0, +cxd) be a strictly convex function which is 
Gateaux differentiable at every x G X, satisfies 5't(0) — and satisfies the growth condition 

{l/Co)\\xf^-Co<^t{x) <Co\\x\\l, + Co yxeX,ytE[a,b], (3.1) 

for some Co > 0. We also assume that ^t(a;) is Borel on the pair of variables {x,t) (see Definition 
12. 2p . For every t e [a, b] denote by ^'J' the Legendre transform of Vft, defined by 

**(y) :=sup{ < z,y >xxx- -*t(2) : z e X} Vy G X* . 

Next for every t e [a, b] let At{x) : X — > X* be a function which is Gateaux differentiable at every 
X G X, At(0) € L'' (a, 6; X*) and the derivative of Af satisfies the growth condition 

\\DAt{x)\\ciX;X')<9{\\T-x\\H){\\x\\''x-^ + l) Vx e X, e [a, 6] , (3.2) 

for some non-decreasing function g{s) : [0 + oo) (0, +oo). We also assume that At{x) is strongly 
Borel on the pair of variables {x,t) (see Definition 12. 2p . Assume also that and At satisfy the 
following monotonicity condition 

(h, x\D^t{Xx + h)- D^tiXx)} + DAtix) ■ h) > -g{\\T ■ x\\„) + a*(<)) ||r • hf^ 

\ ^ 'I XxX' ^ ' 

Vo:, /i e X, e [a, 6] , (3.3) 

for some non-decreasing function ^(s) : [0 + oa) — )• (0, +oo) and some nonnegative function /i(t) G 
i^(a, 6; R). Define the functional J{u) : Tlq{a, 6) — > M (where TZq{a, b) was defined in Definition 13. ip 

by 

J{u) := 

I U,{Xu{t))+^t(^-^ityA,{uit))^+x{u{t),At{u{t)^^ 

(3.4) 

where u;(t) := T- (u(i)) , w(t) :=/-(u(i)) ^f\w(t)) with J:=foT: AT -> AT* and we assume that 
w(€) is weakly continuous on [a, &], as it was stated in Corollary 12.11 Finally, for every wq (z H 
consider the minimization problem 

inf I J(u) : u G Tlq{a, 6), w{a) = wq^ . (3-5) 

Remark 3.1. Note that by Lemma [2.31 for every t E [a,b] ^t(y) is a strictly convex function from 
X* to [0, -l-oo), satisfies ^'4*(0) = and 

{l/C)\\yr;,-C<^;{y)<C\\yr;,+C e X* yt E [a,b] , (3.6) 

for some C > where q* :— q/{q — 1). Moreover, (y) is Gateaux differentiable at every y E X* , 
and X E X satisfies x — D'i>^{y) if and only if y £ X* satisfies y = D'i>t{x). Note also that (y) is 
Borel mapping on the pair of variables {y,t). Finally note that since by Lemma 12.81 we have 

we can rewrite the definition of J in (j3.4p by 

J{u):= j |vl/,(A^t))+vl/:(^-^(t)-At(u(t)))+A(u(t),^(t)+At(^(t)))^^^ Lt. (3.7) 
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Then by the definition of the Legendre transform we deduce that J{u) > for every u G TZq{a,b) 
and J{u) = if and only if u(t) is a solution of 

^it)+At{u{t))+D^t{Mt))=0 for a.e. i € (a, 6) . (3.8) 

Remark 3.2. Assume that, instead of p.3p . one requires that and At satisfy the following in- 
equality 



h,\^^D'i't{Xx + h) -D«'4(Ax)| +DAt{x) ■ h 



> 

XxX* 



"^1^) - 9{\\T ■ x\\h) {Wx^x + mW) ''"'^^ViIx \\T ■ hW'^^-'-^ \fx^ heX,yte [a, b], (3.9) 

for some non-decreasing function g{s) : [0 -I- oo) — ^ (0,-|-oo), some nonnegative function ii(t) € 
(a, b; K) and some constant r G (0, 2). Then, (13.31) follows by the trivial inequality {r/2) -|- ((2 — 
r)/2) b^ > a'' b^^^ , valid for every two nonnegative real numbers a and b. 

Lemma 3.1. Let {X, H, X*} be an evolution triple with the corresponding inclusion operator T G 
£(A"; H), as it was defined in Definition \2.iA together with the corresponding operator T G C{H; X*), 
defined as in (j2.62p . Furthermore, Let a,b,q,X be such that a < b, q > 2 and A G {0,1}. Assume 
that and At satisfy all the conditions of Definition \3.^ Furthermore, let TZq{a,b) and J be as in 
Definitions \3.1\ and \3.2\ respectively. Then for every u G TZq{a,b) we have J{u) < +od. Moreover, 
for every u,h Cz TZq{a, b) and every s G K we have (u + sh) G TZq{a, b) and 

b . 

lim -^(^J{u + sh)- J (u)'^ = J J (^h{t),x{D-i't{Xu{t)) - Hu{t)}^ 

+ (^[Xu{t)-D^;{K,it))},[^{t)+DAt{u{t))-{h{t))}^^ ^ \dt, (3.10) 



XxX' 



where a{t) :— I ■ {h{t)) with I := T o T : X ^ X* and we denote 

dv 

Hu{t):=- — {t)~-At{u{t))eX* \fte{a,b). (3.11) 
Proof. First of all by (|3.2p it is easy to deduce that 

||At(x)||^. <g{\\T-x\\H) (ll^lir' + l) +\\MO)\\x' VxG A, Vt G [a,b] , (3.12) 

for some nondecreasing function g{s) : [0, +cx}) — > (0 + oo). Therefore, using p.6p . for every 
u G TZq{a, b) we obtain 



'^''{t)-At{uit))\ <Lh^it)f^^ + (^g{\\wmH)y {iHtWx + WAtmh)] ViG[a,6], 



dt 



(3.13) 

for some constant L > 0. Since w{t) G L°°{a,b; H), using above inequality and p.ip gives that 
J{u) < +00. 

Next clearly for every u, /i G TZq{a, b) and every s G M we have (u + sh) G TZq{a, b) i.e. TZq{a, b) 
is a linear space. Furthermore, observe that 

\\T-u(t) + sT-h(t)\\^<M Vs G [-1,1], Vi G (a,&), (3.14) 

with Af > independent on t and s. We claim that for a.e. t G [a, b], 

D^;{H^,,+,h){t)) ^ D-9;{Hu{t)) weakly in X as s ^ . (3.15) 



21 



Indeed by (I2.13P and (|2.14p in Lemma 12. 3[ for some Co , C > we have 

\\D-i>t{x)\\x' <Co\\x\\i-^ + Co yxeX,yte[a,b], (3.16) 

and 

\m;iy)\\x<C\\y\f-' + C yyeX*,yte[a,b]. (3.17) 

However, since every bounded sequence of elements of a reflexive Banach space has a subsequence 
which converges weakly, by p.l3p . (|3.6|) and (I3.17p . for a.e. fixed t and for every sequence of real 
numbers s„ — ^ 0, up to a subsequence, we have 

u+s,^h){t)) ^ ^0 weakly in X as s„ — )■ . (3.18) 

On the other hand, since ^'^ is a convex function, by (|2.8p we have 

^;{y) > *r(i7(„+,„,)(<)) + /i?**(H(,+,„,)(t)),2; - i7(„+,„„) (f)) Vy E X* . (3.19) 

\ / XxX* 

Thus letting s„ — in (|3.19p and using p.lSp we deduce, 

^;{y)>^;{H^{t)) + {xo,y-Hu{t))^^^, yyeX*. (3.20) 

Therefore, 

^:{H4t))-{xo,Hu{t))^^^,=M{^;iy)-{xo,y)^^^,: y e X*} . (3.21) 

So (H„(t)) is a minimizer to the problem in the r.h.s. of p.2ip and thus satisfies the corresponding 
Euler-Lagrange equation D'^l{Hu{t)) — xq. Therefore, using (|3.18p . since s„ — >■ was arbitrary 
sequence we deduce (|3.15p . 

Next clearly for every fixed i S [a,b] we have 

limi|*t(A(u(i) + s/i(i))) -4't(Au(t))| = ih{t),\D-^t{Xu{t))'^ (3.22) 

and 

linii(ff(„+,„)(t)-F„(i)) = -[^{t) + DKt{u{t)) ■ {h{t))Y (3.23) 
where the last limit is taken in the X*-strong topology. Then in particular 

Yim-\lu{t) + sh{t),H^^+,h)[t)) -(u{t),Hu{t)) } 

s^O s [\ ^ ' / XxX* \ / XxX* ) 

= (/^(^),i^„(^))^^^^-^^.(^),{^(^) + 7^A,(^.(^))•(M^))})^ • (3.24) 

Next since is a convex functions, as before, we have 

\ / XxX* 

*:(i7(„+,^)(t)) - n{Hu{t)) > lD^;{H^,{t)),H(^u+sh)it) - Hu{t)) VyeX 



(3.25) 



XxX* 



Therefore, by (jX^ . (jX^ and we deduce 

if,../,, /„,^/,, rdcT. 



lhn-|*:(i/(.+,,,)(t))-vl/*(i/4t)) I = 



(3.26) 
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On the other hand, using p. 161) , by p. 221) and the Lagrange Theorem from the elementary Calculus 
we deduce that for every t £ [a,b] and every s G [—1,1], there exists r in the interval with the 
endpoints and s, such that 



< 



\h{t)\\ 



X 



\D^t{\{u{t)+Th[t)) 



< C 



(^\\h{t)r^ + \\u{t)r^ + i), (3.27) 



for some constant C > independent on t and s. Similarly, using p.2p . p.l2[) and p.l4p . from 
((3?24l) we deduce 



-\(u{t) + sh{t),H^^+,^){t)) - (uit),Huit)) 



X' 



< 



\\h{t)\\x ■ \\Hu+rh{t)\\^, + \\u{t) + Th{t) 



< c 



X 



m\\ 



X 



\u{t) 



19-1 

\x 



X 

19-1 



da , 



{t)+DAt(u{t)+Th{t)) ■ {h{t)) 



X' 



<Co[ Wuit)]]"^ + \\h{t)\\l^ + 



dv 



dv 
'dt 



it) 



X' 



da 



it) 



X' 



I A* (0)1 



X* 



dt 



it) 



x* 



da 
'dt 



it) 



X* 



I At (0)1 



X' 



(3.28) 



where the constants C,Co > are independent on t and s. Finally by the same way, using p.l7p . 
(f3A3l) and the fact that At(0) G L«' (a, 6; X*), from ((3?26l) we infer 



n{Hiu+sh)it))~n{Huit)) 



< \\D'i>;{Hu+rhit))\ 



c[ \\uit)\\i ' + \\h{t)r ' 



Ht) 



19-1 

\x 



\h{t) 



\X 
19-1 



IX 



it) 



X' 



da 
H 



X 



it) 



da 
It 



{t)+DAt(uit)+Th{t)yih{t)) 



< 



X* 



X* 



da , 
'dt' 



X' 



|At(0)| 



dv 



X 



9*-i 



it) _+l ) <Ci( \\u{t)\\\ + \\h{t)\\\+ -it) 



X- 



da , ^ i' ^, \ 

(3.29) 



where again the constant Ci > is independent on t and s and ji{t) G L^(a, 6;R). However, by 
the definition of TZqia, b) we have u,he Li{a, h; X) and ^, ^ G L^' (a, 6; X*). Therefore, using the 
Dominated Convergence Theorem, by dSJ]), ((3!22]) and ([3:24)) and ((3^ . ^^71^ and dSj!]), 

we deduce (|3?T0l) . □ 

Theorem 3.1. Let {X,H,X*} he an evolution triple with the corresponding inclusion operator T G 
C{X] H), as it was defined in Definition \2.9l together with the corresponding operator T G C{H; X*), 
defined as in (I2.62|) . Furthermore, let a, 6, q, A G M be such that a < b, q > 2 and A G {0, 1}. Assume 
that ^'t and At satisfy all the conditions of Definition [KM Furthermore let wq € H and TZq{a,b) 
and J be as in Definitions \3.1\ and \3.^ resvectivelv. Consider the minimization problem 



inf{ J(w) : u G TZqia, b), w{a) — wq} , 



(3.30) 



where 'w{t) := T ■ (it(i)). Then for u G TZq{a,b) such that w{a) — wo the following four statements 
are equivalent: 

(a) u is a minimizer to p.30p . 

(b) u is a critical point of p.30p i.e. for an arbitrary function h{t) G TZq{a,b), .such thatT-h{a) = 
we have 

J{u + sh) — J(w) 



lim 

s-s-O 



0. 



(3.31) 
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(c) u is a solution to 

'^{t)+ Kt{u{t)) + D-^t{\u{t)) =Q for a.e. t e {a,b) , (3.32) 

where v{t) / • {u{t)) f ■ {w{t)) with I -.^foT : X ^ X* . 

(d) J{u) = 0. 

Proof. Assume that m is a minimizer to (I3.30p . Let h{t) e TZq{a,b) be an arbitrary function, such 
that T ■ h{a) — 0. Here we assume that T ■ {h{t)) is 77- weakly continuous on [a, b]. Then for every 
s e R {u{t) + sh{t)} e TZq{a, b) and T ■ {u{a) + s/i(a)) — wq. Therefore, since u is a minimizer we 
deduce that fh{s) ■— J{u + sh) > J{u) = fh{0) for every s e M. Thus by the elementary Calculus 
we must have /^(O) — (remember that, by Lemma l3.1[ is diferrentiable function). So we obtain 

Next assume that for some u € TZq{a, b) such that w{a) — wq we have (I3.3ip i.e. 

^^Jiu + sh)-J{u) (3.33) 

s-fO S 

for every h{t) E Tlq{a,b), such that T ■ h{a) — 0. Then, by p.lOp in Lemma [3.1[ for every h{t) E 
Tlq{a, b), such that T ■ h{a) = we must have 



h{t),\{D-^t{\u{t)) - H^{t)\ 

^ ' I XxX" 

{Xu(t)-D^*{H^it))},[^{t)+DA,{u{t))-{hit))}^^ ^ |dt = 0, (3.34) 

where a-{t) :— I ■ {h{t)) with I := T o T : X — > X* and we, as before, denote 

Hu{t) -.^ ^^{t) - At{u{t)) E X* VtE{a,b). (3.35) 

Next as in p.l6p we have 

P*t(x)|U. <C'o|lx-r-i + Co yxEX,ytE[a,b], (3.36) 
and as in p.l7p we have 

\mt{y)\\x <C\\y\\'''-' + C yyEX*,ytE[a,b], (3.37) 

and since we have ^l^l{Hu{t))dt < +oo, by ([311) we obtain i/„(i) E L'i' {a,b;X*). Therefore, if 
we set 

Wu{t) := Xu{t) - D^;{Hu{t)) yt E [a,b] , (3.38) 
then, since u{t) E L'^{a, b; X), we deduce 

Wu{t) E L'^{a,b;X) . (3.39) 

On the other hand, by Remark 13.11 x E X satisfies x = D'i'Ky) if and only if y G X* satisfies 
y — D'i>t{x). Therefore, by (|3.34p we have 



XxX' 



(^\hit),(^D^t{D^:{H^{t)) +Wu{t)) - D-9t[D^*{H.ait)y^ 

(wu{t),DAt{u{t)) - {hit))) +/wu{t),^{t)) ]dt = 0. (3.40) 
\ / xxx* \ at I xxx* / 
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Next for every t e [a,b] let {DAt{u{t)))* e C{X,X*) be the adjoint to DKt{u{t)) e C{X,X*) 
operator defined by 

(x2,{DKt{u{t))y-xi) -.^ (xi,DAt{u{t)) ■X2) \fxi,X2eX. (3.41) 

\ / XxX* \ I XxX' 

Define the strictly measurable function Pu{t) : (a, b) X* by 

Pu{t) := xl^D^t [D-i>; {Hu{t)) + Wu(t)) - D^t {Hu{t))) | + [oAt * • {Wu{t)) . (3.42) 

Then, since by p.4ip we have 

(^x,Pu{t))^^^^ = (^Xx,I^D^t[D^*t{Hu{t)) +Wuit)') ^D^t[D^*t{Huit))')^'^ 

+ (wu{t),DAt{u{t)) -x) VxeX, (3.43) 

\ / XxX' 

we deduce from (|3.40p . 

b b 

a a 

On the other hand, using the fact T-uit) e L°°{a, b; H), by U^A^ . t^M^ . (|337| and (02]) we deduce 

\\Puit)\\^, < c[\\Hu{t)\\^, + ||M/„(t)||^"' + ||m(<)||^"' + 1} , 

where the constant C > doesn't depend on t. Thus since Hu{t) E L'' (a, 6; X*), u{t) G L'^{a, b; X) 
and Wu(t) e L'^{a,b-X) we infer 

P„(t) e L«'(a,6;X*). (3.45) 

Next remember that we established (|3.44p for every h{t) e TZq{a,b), such that T ■ h{a) — 0. In 
particular p.44p holds for h{t) — S{t) where S{t) e C^({a,b);X) satisfying supp(5 CC (a, 6). For 
such S{t) we have 

b b b 

a a a 

(3.46) 

Thus, by §Ml, (13:45]) and by Definition [231 I ■ (Wuit)) belongs to W^'''" ia,b; X*) and 



dt 



-(<) = P„(i). (3.47) 



Thus since Wu{t) G L''{a,b;X) and Pu{t) S L'^' {a,b; X*) we have W„ G 1lq{a,b). Then by Lemma 
TSl the function L„(i) : [a, 6] -J> defined by L„(i) := T • (W„(t)) belongs to -L°°(a, 6; iJ) and, up 
to a redefinition of Lu{t) on a subset of [a, 6] of Lebesgue measure zero, L„ is iJ- weakly continuous, 
as it was stated in Corollary [23] Moreover, by the same Corollary for every a < a < P <b and for 
every 5{t) G ([a, fe]; we will have 

{5{t),PAt)) +/^(<),/.(w-„(t))\ )di=(r.<5(/3),L„(/3))^^^-(T.5(a),i„(a))^^^, 

(3.48) 
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Thus in particular for every hQ{t) e C^([a, such that ho{a) = we have 

b b 

' dho 



ho{t),Pu{t)} dt 

XxX* 



{-^{t)J- [Wuit))) ^^^dt + (T . K{b), L^ib))H^H ■ (3-49) 



However, inserting h := ho into (I3.44p gives 



hoit),Puit)} dt 



Wu{t), {t) 



XxX 



dt = - I (^^it),I-{W^{t)) 



dt. 

XxX* 

(3.50) 



Comparing p.49p with p.50p we obtain 

(T./io(6),i„(&))^^^=0. (3.51) 

In particular we can test p.5ip with ho{t) := (t — a)x for arbitrary x €i X. Then we obtain 

{Tx,L^{b))^^^=0 yxeX, (3.52) 

and since T has dense image in H we finally get 

L„(6)-0. (3.53) 

Thus, since L„(t) := T ■ (W„(i)), using ([QT]) . ([333| and the fact that Wu e TZq{a,b), by Lemma 
12.81 we deduce ^ 

/ (Wu{t),Puit)) dt ^ -hL^{a)\\l Vae[a,6]. (3.54) 

Ja ^ I XxX* i 

Then plugging (jXig)) into (jXMl) . by (1535]) we infer 
1 



iy„(t),A|i?*t(i?*:(iJ„(0)+M^„(t))-i5*t(i?*:(ifu(t))) YDkt[u{i))-{W^{t)) 



\dt 



XxX' , 



(0, A|i^*t {Xu{t)) (^Xu{t)-Wu{t)) \+DAt {u{t)) ■ {Wu{t)) 



Wjt),Xi D^t(Xuit))-D^t{ Xu(t)-Wu(t)) y+DAt(u(t))-(Wu(t)]) jdt Vae[a,6]. 

(3.55) 

Next, by the condition p.3p in the Definition 13 . 21 we have 

(h, x\Dyi>t{Xx) - D-i>t{Xx ~h)} + DAtix) ■ h) > -g{\\T ■ x\\h) + /i(<)) ||r • h\\l 

\ ^ 'I XxX* ^ ' 

Va;, e X, Vt e [a, 6] , (3.56) 

for some non-decreasing function g(s) : [0 + oo) — > (0, +oo) and some nonnegative function ii(t) e 
L^(a,6;R). Therefore, using p.55p . we deduce 



T ■ 



(W„(a))||^< / 5(||T- (w(t))||^)(||M(i)||^+Ai(i))||r- (W„(t))||^d< Va G [a, 6] . (3.57) 



In particular, since T ■ u € L°°{a, b; H) we clearly obtain 



T-{Wu{t)) <K (\\u{s)\\\+^i{s)) T-{W^{s)) ds yte[a,b], (3.58) 

H J I \ / H 



26 



for some K > independent on t. Next define g{t) := {\^u {t)\W + ^(i)) and h{t) := g{t)\\T ■ 

2 

{Wu{t)) . Then since e L«(a,&;X) and r-(VF„(t)) e L°°(a, &; iJ) we clearly have e 

H 

ii(a, 6;R). Moreover, by (1535)) . we infer 

h{t) < 2Kg{t) h{s) ds for a.e. t G [a, b] . (3.59) 

On the other hand, the function j{t) e-'^'^ -ft 9is)ds . j^h{s)ds e H/i^i(a,6;R) and by ([XSg)) . we 
obtain ^ 

A s^^)"*^ • ^ /i(s) ds^ > for a.e. t € [a, b] . 

Therefore, 

g-2if/X.)d.. /■\(s)ds<e-2^/'«(^)'^^. [\{s)ds = 0. 



Therefore, since /i(t) > we obtain h{t) = for a.e. t e [a, 6]. Thus ||r • (W„(i)) ||^ = for a.e. i S 
[a, fe]. Therefore, since T is injective, by the definition of Wu in p. 381) we have Xu{t) — D'i'l (^Hu{t)) 
for a.e. t E [a, b]. I.e. 

D^t{Mt)) = Huit) ^ -^{t) - At{uit)) for a.e. t e [a, 6] , (3.60) 

So u is a solution to p.32p . 

Finally if u is a solution to p.32p then by Remark l3. II we have J{u) = 0. Moreover, by Remark 
13.11 we always have J(-) > 0. Thus if we have J{u) = then trivially u is a minimizer to p.30p . □ 

The following proposition provides uniqueness of the solution. 

Proposition 3.1. Let {X, H, X*} be an evolution triple with the corresponding inclusion operator 
T G C{X\H), as it was defined in Definition \2.9l together with the corresponding operator T G 
C{H; X*), defined as in (j2.62p . Furthermore, let a, 6, g G M be such that a < b, q > 2 and X G {0, 1}. 
Assume that ^>t and At satisfy all the conditions of Definition \3. 2\ Then for every wq € H there 
exists at most one function u{t) G L'i{a,b;X), such that w{t) := T ■ {u{t)) G L°°{a,b;H), v{t) := 
T ■ (w(i)) = T o r(u(t)) G W^'"^ (a, 6; X*) ,where q* := q/{q — 1), and u{t) is a solution to 

{f^{t)+At{u{t))+D^t{\u(t))^0 for a.e.teia,b), 
\w{a) = Wo ■ 

Proof Let wq E H and let u{t),u{t) G Li{a,b;X) be such that w{t) := T ■ {u{t)) G L°°{a,b]H), 
w{t) := T-{u{t)) G L°°{a,b;H), v{t) := f-{w{t)) = foT{u{t)) G W^'''' {a,b; X*), i{t) := f-{w{t)) = 
foT{u{t)) G VKi^'?*(a,6;X*), where q* := q/{q~ 1), and u{t),u(t) are both solutions to ([X6T|) . 
Then the function u{t) := {u{t) - u{t)) G L''{a,b;X) is such that w{t) := T ■ {u{t)) G L°°{a,b;H), 
v{t) := f ■ {w{t)) = f o T{u{t)) G W^i'«*(a,6;X*), w{a) = and by (|33T|) . and the facts that 
A G {0, 1} and ^'t(O) = 0, we obtain 

^(i) + {At(u(t))-At(i2(i))} + {i?*t(Au(i))-Z?*t(Au(i))} =0 for a.e. t G (a, &) . (3.62) 
Thus plugging (|3.3p into (|3.62p we deduce 

u(t),^{t)) -j{t)\\w{t)\\l\dt<0 for every r G [a, 6] , (3.63) 



XxX* 
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where 7(t) e L^{a, b; [0, +cx))). On the other hand, since w{a) = 0, by Lemma [2.81 we have 

dt = h\w{T)\\'^ for every T e [a, 6] . 
\ at / xxx* z 

Thus, inserting it into (|3.63p . we deduce 



I 1 1 2 /"^ II 1 1 2 

< C* / 7(0||l^(^)||/f'^^ for every T e [a, 6] . 

J a 



(3.64) 



Therefore, exactly as before in the end of the proof of Theorem 13.11 by (|3.64p we deduce w{t) = 
for a.e. t € [a^b] and since T is an injective operator we have u{t) = u(t) for a.e. t £ [a,b]. This 
completes the proof. □ 

Definition 3.3. Let {X, H, X*} be an evolution triple with the corresponding inclusion operator 
T G £{X;H), as it was defined in Definition 12.91 together with the corresponding operator T S 
C{H;X*), defined as in (|2.62l) . Furthermore, let a,b,q eM. be s.t. a < b and q > 2. Next assume 
that and At satisfy all the conditions of Definition 13.21 together with the assumption A = 1. 
Moreover, assume that '^t and At satisfy the following positivity condition 

^t(x) + (^x,At{x))^^^^ > + + Vx e X, Vt e [a,b], 

(3.65) 

where r S [0,2) and C > are some constants and p.{t) G L^{a,b;M.) is some nonnegative function. 
Furthermore, assume that 

At{x) = At{S ■ x) + Qt{x) yxeX,yte[a,b], (3.66) 

where Z is a Banach space, S : X Z is a. compact operator, for every t e [a, b] At{z) : Z X* 
and Qt{x) : X — ^ X* are functions, such that At is strongly Borel on the pair of variables {z,t) 
and Gateaux diffcrentiable at every z € Z, Qt is strongly Borel on the pair of variables {x,t) and 
Gateaux diffcrentiable at every x S X, et(0), At{0) £ L«' ((a, b);X*) and the derivatives of At and 
Qt satisfy the growth conditions 

\\DAtiS-x)\\ciZ;xn<9{\\T-x\\) {M'^^ + l) ^x e X, yte[a,b], (3.67) 

\\Det{x)\\ciX;X')<9{\\T-x\\){\\x\\'i^^ + l) yx£X,yt£[a,b], (3.68) 
for some nondecreasing function g{s) : [0, +oo) — > (0 + co). Finally assume that for every sequence 
{xn{t)}^'^^ C L«(a, b;X) such that the sequence {(ToT) • x„(t)} is bounded in W^-'^' {a, b; X*) and 
Xn{t) x{t) weakly in L'^{a, b; X) we have 

• Qt{xnit)) ^ et(x(t)) weakly in L"' {a,b; X*), 

•]mn^ + ooIaUit),Qt{xn{t)))^ dt > jUx{t) , Ot (xit))) dt. 

Next, as in (|3.4p with A = 1, let Jo{u) : TZq{a, fe) — > M (where Tlq{a, b) was defined in Definition 13. ip 
be defined by 

Mu) ■■=l{\\wmj,-\\wia)\\j,) + 

^t{uit)) + *t* ( - §W - M^W)) + ("W' }^*' (3.69) 

where w{t) := T ■ (u(i)), v{t) := / • (u(i)) = f ■ {w{t)) with I := f o T : X ^ X* and we assume 
that w{t) is 7J- weakly continuous on [a,b], as it was stated in Corollarv 12.11 Moreover, for every 
wq £ H consider the minimization problem 

inf |jo(^) ■ u G 7?.g(a, 6), w(a) = wq^ . (3.70) 
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Remark 3.3. As before, we can rewrite the definitfon of Jq in (j3.69p by 

b . 



>dt. (3.71) 



XxX' 



Proposition 3.2. Let Jq(u) be as in Definition \3.3\ and all the conditions of Definitions COI are 
satisfied. Moreover let wq £ H be such that wq = T ■ uq for some uq € X, or more generally, wq Cz H 
be such that Awo '■= {u G ^^.^(a, 6) : w{a) — wq} 7^ 0- Then there exists a minimizer to (|3.70p . In 
particular there exists a unique solution to 

|f (i)+A,(uW)+i?*i(,i(<)) =0 fora.c.te{aM, ^3^2) 
\w{a) = wq , 

where w{t) := T ■ (^(t)), v{t) := / • (u(t)) = T ■ {w{t)^ with I := T o T : X X* and we assume 
that w{t) is H -weakly continuous on [a,b], as it was stated in Corollaru \2.1\ 



Proof. First of all we would like to note that in the case, wq = T ■ uq for some uq e X, the set 

■= ^ T^q{a, b) : w(a) = wq} = {u e TZq{a, b) : T ■ u{a) = T ■ uq] 

is not empty. In particular the function uo(<) = uo belongs to Awo- Thus, in any case Awq 7^ 0- 
Next let 

K := inf Jo (61). (3.73) 

Then K >Q. Consider a minimizing sequence {u„(t)} C Awoi i-C- a sequence such that 

lim Jo(m„) = K. (3.74) 

n— ^00 

Set T„(i) : (a, 6) ^ R by 



T„(i) *t(u„(t)) + *r - ^(t) - A,(u„(t))) + (u„(t), '^{t) + A,(ii„(t)))^^^^ , (3. 



75) 



where Wn{t) ■= T ■ (u„(t)) and Wn(t) := T ■ (w„(i)). Then by the definition of Legendre transform 
we deduce that T„(i) > for a.e. t E (a, b). On the other hand, by p.7ip we obtain 



/ Tn{t)dt ~ Jo{un) K as n 

J a 



(3.76) 



Therefore, by (|3.76|) and the fact that T„(i) > we deduce that there exists a constant Co > such 
that for every n G N and i G [a, 6] we have 

I T„(s)ds < Co. (3.77) 

However, since by Lemma 12.81 we have 

/ (""^')' '^it^'^) x.x>'^' ^ \{\\^rmi II^OIII,) , 

plugging p.75p into p.77p and using p.65p gives for every n e N, 

/ 1 i hn{s)\Y^ + ( - ^(5) - A.K(5))) \ds + ^ik„(t)iii^ 

j^mds + C (|iw„(s)||^ + l) • (|h„(s)||g-''^ + l)ds Vte[a,6], (3.78) 



< 
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where p G [0, 2) and C is some positive constant. Therefore, in particular, for every n we have 



\u„is)\\lds + ^Wwnimjj < C I ||m„(s)||^ • "Us + C yt e [a,b]. (3.79) 



Thus by Holder inequality, for every n we deduce 

1 , .^f r 2 



Un{s)\\'i^ds+^\\wnit)\\H < c(^J 1 1 u„ (s) 1 1 ^ rfi^ ■ J 1 1 w„ (s) 1 1 ^ds^ +C V<e[a,&], 

(3.80) 



and in particular 



\un{s)\f-^ds+^\\wn{t)\\H < c(^J 1 1 u„ (s) 1 1 ^ di^ -^y" ||w„(s)||^ds^ +C Vte[a,b]. 

(3.81) 



Assume that ||u„(s)||^ds > 2C. Then i ||M„(s)|||.ds < { \\u„{s)\\j^ds ~ C) and thus by 
(|33T|) we infer ° 

^ y ||u„(s)||^ds < ||M„(s)||^dt^ ■ (^J \\wn{s)\\ljds^ , (3.82) 



and therefore, 

rt 



|w„(s)||ids < (2C)2/(2-p) / ||u;„(s)||5^ds. (3.83) 



Otherwise we have ||u„(s) ||^(is < 2C. Thus there exists a constant Ci > such that in any case 
we have 



\unis)\\^ds <Ci \\wnis)\\^ds + Ci Vi G [a, &] Vn G N . (3.84) 

J a 

Plugging it to p.8ip . in particular we deduce 



\\wnit)\\i, < C2 Wwnismds + C2 Vt € [a, 6] Vn G N , (3.85) 

J a 

where C2 > doesn't depend on n and t. Then 

||m„(s)|||^ds-exp(-C2t)l <C2exp(-C2t) Vi G [a, &] VnGN, (3.86) 



d 
di 



and thus 



f \\wn{s)\\jjds<exp{C2{t-a)}~l<exp{C2{b-a)} Vt G [a, 6] Vn G N . 

^ a 



(3.87) 



Therefore, by p.85p the sequence {w„(i)} is bounded in L°°{a,b; H). Moreover, returning to 
(I3.84P and p.80p we deduce that the sequence {u„} is bounded in L'^{a,b; X). On the other hand 
since, by p.67p and the fact that {wn{t)} is bounded in L°°{a,b; H) we have ||At(5 • Un(i))||j^, < 
+ 1) + ||^t(0)||x-' '^'^ deduce that {At{S ■ Un{t))} is bounded in L'^' {a,b; X*). More- 
over, by (EMI), {Qt{u{t))} is bounded in L^' {a,b; X*). Therefore, by (IX75)) . using the growth 
conditions in (13. 6p we infer that the sequence {^{t)} is bounded in L«'(a,6;X*). So 

{it„(t)} is bounded in L'^{a,b; X) , 

{^^(i)} is bounded in Li'{a,b;X*), (3.88) 
{w„(t)} is bounded in L°°{a,b; H) . 
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On the other hand by CoroUarv 12.11 as in (|2.72p for every a < a < (3 < b and for every d{t) E 
C\[a,b];X) we have 

8 

(3.89) 

However, since S" is a compact operator, by p.88p and Lemma [2.111 we obtain that, up to a subse- 
quence, 

Un{t) u{t) weakly in L'^{a, 6; X) , 
^(i)-CW weaklyin L9*(a,6;X*), 

Wn{t) w{t) weakly in L'^{a, b; H) , (3.90) 
Vn{t) v{t) weakly in ^^(a, b; X*) , 

-Unit)^ S ■ u{t) strongly in L9(a, 6; Z) , 

where w{t) := T ■ {u{t)) and v{t) f ■ {w{t)). In particular, by (P^O)) and ^^Ml for every 
a < a < (3 < b and for every S{t) e C^([a, 6]; X) we have 

(3.91) 

Thus in particular for every 6{t) € C^((a, &);X) we have 
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m CW)xxx. + (I W' -W)^,;,. [^^ = • (3.92) 



Therefore, by the definition, v{t) G W'^^'^' {a,b; X*) and 

— (i) = ((t) for a.e. t e (a, &) . (3.93) 
at 

Then, as before by CoroUarv 12. 1[ w{t) is iJ-weakly continuous on [a, b] and for every a < a < /? < & 
and for every (5(f) G C^([a, 6]; X) we have 

B 

(<5(t),C(i));,,^. + (^(i),«(i))^^^Jrft=(r.<5(/?),«;(/3))^^^-(T.<5(a),«;(a))^^^^ (3.94) 
Plugging p.94p into p.9ip . for every a < a < f3 < b and for every 6{t) £ {[a, b];X) we obtain 



(3.95) 

In particular for every h £ X 

\im {T-h,Wn{t))^^^ = {T-h,w{t))^^^ V<e[a,6]. (3.96) 



n— >-|-oo 



Therefore, since by p.88p . {w„} is bounded in L°°{a, b; H) and since the image of T is dense in iJ, 
using p.96p we deduce 

Wn{t)'^w{t) weakly in iJ Vte[a,6]. (3.97) 

In particular, since Wn{a) = wq we obtain that w{a) = wo and so u{t) belongs to Awo — G 
nq{a,b) : T ■ ijj{a) = wq}. On the other hand by ((3J0l) . ((3:88)) and (|3J7)) we deduce that At{S ■ 
Un{t)) —> At(S ■ u{t)) strongly in L'^ (a, &;X*). Moreover, by (j3.90l) and given properties of Qt, we 
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deduce that et(u„(t)) ^ et{u{t)) weakly in L*?" fa. b: X*) Therefore, by ((XM)) . (IHTM)) and the facts, 
that we estabhshed above, we obtain 



Un{t) u(t) weakly in L'^{a, b; X) , 
^{t) - f (t) weakly in L^' (a, b; X*) , 
et{un{t)) ^ et{u{t)) weaklyin L'^' {a,b; X*) , 
At{S -Unit)) ^ At{S -uit)) stronglyin L"^ {a,b; X*) , 
Wn{b) w{b) weakly in H , 
^w„{a) = w{a) = Wo . 



(3.98) 



On the other hand, by the definition of Jo in p.69p and by p.74p we obtain 
K= lim Jo(u„) = lim ( ||w„(6)|||j - ||wo||ff) + 

b . 

J Ut{un{t))+'f*t(^~^ (t) - Bt {Un {t))^At{S-Un{t))^ + 
a ^ 

(^Un{t),Qt{un{t))) ^^^^ + (^Un{t), At{S ■ Unit))"^ ^^^^^d?j . (3.99) 

However, the functions and '^^ are convex and Gateux differentiable for every t. Moreover, they 
satisfy the growth conditions p.ip . p.6p and the corresponding conditions on their derivatives as 



stated in I^J^ and (I^Ji)) in LemmaO Thus P{x) := ^l^t{x{t))dt and Q{h) ^l^l{h{t))dt 
are convex and Gateux differentiable functions on L'^{a,b;X) and L'' {a,b;X*) respectively and 
therefore, P{x) and Q{h) are weakly lower semicontinuous functions on L'^{a, b; X) and (a, 6; X*) 
respectively. Moreover, by p.90p and the given properties of 9t, we infer 

lim / (un{t),et{un{t))) dt> f (u{t),et{u{t))) dt. (3.100) 
Therefore, using ([X^ . and ([5TTjg|) we finally obtain 

b . 

^mf^^jo(^) = i^>i(im6)iii,-iiwoiii^)+ 1 |**(^t))+vi':(^-^(t)-e,(«(t))-^(^.u(t))) 

+ (M(t),et(u(i))) + (u(i),At(5-u(i))) ldt=Jo(M). (3.101) 

Thus u is a minimizer to p.70p . Moreover, all the conditions of Theorem 13 . 1 1 are satisfied and thus u 
must satisfy Jq{u) = and ()3.72p . Finally, by Proposition 13.11 the solution to p.72p is unique. □ 

A Appendix 

Lemma A.l. Let X , Y and Z be three Banach spaces, such that X is a reflexive space. Furthermore, 
let T £ C{X]Y) and S e C{X]Z) be bounded linear operators. Moreover assume that S is an 
injective inclusion (i.e. it satisfies ker S* = {0}j and T is a compact operator. Then for each e > 
there exists some constant q > depending on e (and on the spaces X, Y, Z and on the operators 
T, S) such that 

\\T-h\\Y<e\\h\\^ + Ce\\S-h\\^ \/h e X . (A.l) 
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Proof. Assume by contradiction that for some e > such a constant Cg doesn't exist. Then for every 
natural number n G N there exists h„ X such that 

ll?" • /i„||y > e||/i„||^ + • /inll^ . (A. 2) 

We consider the sequence {^„} C X defined by the normahzation 

•— II 7 I I (^-3) 

WhnWx 

which satisfy — 1 and by (|X2l) . 

||r-^„||y >£ + n||5-6>|U VneN. (A.4) 
However, since — 1, we have ||r • < ||T||£(X:y)- So by (|A.4I) we deduce 

\\S-mz<l^\\nc{X;Y) VneN. 

In particular 

• 6i — > as n — > +0O strongly in Z . (A. 5) 

On the other hand since ||Cn||x — 1 and since X is a reflexive space, up to a subsequence we must 
have ^ C weakly in X. Thus 5 • ^„ ^ 5* • ^ weakly in Z and then by (jA.sp we have 5* • ^ = 0. 
So since S* is an injective operator we deduce that ^ = and thus ^ weakly in X. Therefore, 
since T is a compact operator we have 

T-^n^O strongly in Y . (A.6) 

However, returning to (jA.4| . in particular we deduce 

||T-Cn||^>£ VneN, (A.7) 

which contradicts with (jA.6p . So we proved (jA.ip . □ 

Lemma A. 2. Let X be a separable Banach space. Then there exists a separable Hilbert space Y 
and a bounded linear inclusion operator S G C{Y;X) such that S is injective (i.e. kerS* = {0}j, the 
image of S is dense in X and moreover, S is a compact operator. 

Proof. If X is finite dimensional then X is isomorphic to M*^ for some k and we are done. Otherwise 
since X is a separable Banach space there exists a countable sequence 

{xn}n=i C X such that 

ll^^nllx — 1 for every n, every finite subsystem of the system {x„}^J^ is linearly independent and 
the span of {xn}n=i is dense in X. Set Y :— P where P is a standard separable Hilbert space 
defined by 

+ 00 

/2 := |y = a„ : N ^ M : ^ < +oo| (A.8) 

n=l 

with the scalar product 

n=l 

Next we prove that for every y — {an} there exists a limit in X, 

N 

x= lim y^'^xn- (A.IO) 

71—1 

Indeed since Ha^nllx = 1 for every N E N and m e N we have 



, I 2 ,N+m \ ,N+m ^ ^ +00 ^ ^ +cxd 



N+m 

I 

n 



-N ' ^ n=N ' ^ n=N ' ^ n=N 



as iV -> +00 . 
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Thus since X is a Banach space the hmit in (jA.10[) exists. Then define the Unear operator S : Y —i' X 
for every y = {an} € ? by 



N 

S -y = Um — Xn- 



(A.ll) 



As before, 



\s-y\\x = 



N 



N 



hm } Xn 



< 



X 



+00 

n=l 



+ 00 ^ 



+00 ^ 



(A.12) 



Thus 5 is a bounded operator i.e. 5 £ £{Y;X). Next clearly for every finite linear combination 



'^n=i ^riXn (wherc c„ € M) there exists y & Y such that S ■ y = z. So the image of 5* is dense in 



X. We will prove now that S" is a compact operator. Indeed let y„ :— {oi-J^^}^^ G F be such that 



?;„ ^ weakly in Y . This means lim„_>_|_oo = for every j and X^jJ^ ('^i ) — ^ ^^"^ some 
constant C > 0. Fix some £ > 0. Then since for every n 



lim 



E 



a 



in) 



X 



j=N ■' 

there exists Nq such that 



< 



X 



E(« 



+ 00 ^ 

E 72 

3=N ■' 



< c 



+00 ^ 

E ~j2 

3=N ■' 



No+m (") 

lim y ^ 

m— >+oo -^^ — ^ 7 
3=Na ■' 



< 



Vn e N . 



as 



-00 . 



(A.13) 



On the other hand, since lim„_j.+oo <^j"'' = 0, there exist uq such that Ictj"'! < £/{'2Nq) for every 
n > no and 1 < j < A'o and thus 



A^o-l An) 

E^ 



<2 



Plugging (IA.14P into (|A.13|) we deduce that 



Vn > no . 



(A.14) 



P • yn 



\x 



< e 



\fn > no . 



Therefore 5'-y„ — ^ strongly in X and so S* is a compact operator. Finally set Z := {y (z Y : S -y 
0}. Then Z is a close subspace of Y. Next define Y to be the orthogonally dual to Z space 



Y := 



{yeY: {y,z)Y 



YxY 



Vz e Z 



Then y is a close subspace of Y. Therefore F is a separable Hilbert space by itself. Define S S 
£{Y;X) hy S := S \y- Then clearly S is injective i.e. ker^ = {0}. Moreover, if x = S* • y where 
y &Y then we can represent y = z + y where z G Z and y gY, and since S ■ z = we have x = S -y. 
Therefore since the image of S is dense in X we deduce that the image of S is also dense in X. 
Finally S* is a compact operator. This completes the proof. □ 

Lemma A. 3. Let X he a separable Banach space. Then there exists a separable Hilbert space Y 
and a bounded linear inclusion operator S G C{X]Y) such that S is injective (i.e. kerS* = {0}J, the 
image of S is dense in Y and moreover, S is a compact operator. 

Proof. By the Lindenstrauss's Theorem (see [6]) every separable Banach space is continuously em- 
bedded in Co where co is a Banach space of real sequences which tend to 0, i.e. it is defined by 



Co := {an ■ N 



lim a„ = 0} 

n— ^+00 



Icq 



sup |a„| . 
new 



(A.15) 
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So there exists an embedding operator P e C{X; cq) which is an injective inclusion (i.e. ker P = {0}). 
Next define Q G £{co,l^), where is the separable Hilbert space defined in (|A.8p . by the formula 



Q ■ (Mt^,) - { — I ef V{a„}+ri e co . (A.I6) 

V / L 71 J 11=1 

Then clearly Q G C{cq, P) is an injective inclusion. Moreover we will prove now that Q is a compact 
operator. Indeed for every j G N let hj :— {an ''}^^ C Cq be such that hj weakly in cq as 
j — >■ +CX3. Thus in particular we have 



(i) 
lim an 



Vn e N 

for some constant C > 0. Then for every j, to e N we have 



j-s-+oo 



+ 00 



(i) \ 2 



0") \ 2 +c 



E 



(i) \ 2 



< 



E 



+ 00 



(A.17) 



(A.18) 



Thus, since J2n=i ^ < +oo, for every e > there exists to = to^ e N such that AC'^ J2n=m W ^ 
Therefore, by (jA.lSp we obtain 



\Q-h 



< 



E 



Jj) \ 2 



- £ . 



(A.19) 



Then letting j — > +oo in (f09l) and using (|A.17I) we deduce 

lim IIQ • 2 < e , 

and since e > was arbitrary we finally infer that Q ■ hj strongly in P. So we proved that Q 
is a compact operator. Next define S S f-{X; P) hy S := Q o P^ where P S cq) is an injective 
embedding. Thus since P and Q are injective, we obtain that 5* is also an injective embedding of 
X to P. Moreover since Q is a compact operator we obtain that S G C{X;P) is also a compact 
operator. Finally let Y be the closure of the image of S* in Z^. Then y is a subspace in P and so the 
separable Hilbert space by itself. Moreover S G {X;Y) is an injective compact inclusion of X to F 
with dense in Y image. □ 

Proof oj Lemma\KE Clearly f{t) € i«((-oo, +oo); X) . Let > 0. Set A := a - Hq and B := 
b + Hq . Then there exists a sequence {fn{t)} C C°{{A,B);X) such that /„(t) ^ f{t) in the strong 
topology of L"^ ((— oo, +oo); X) . Therefore, given e > there exists n := n{e) S N such that 



\fn{t)-m\\Ut 



1/9 



< 



(A.20) 



Then for h € {—Hq, Hq) we have 

\f{t+hym\rdt' 



(/n(i)-/W)-(/n(i+/^)-/>+/i)) + (/n(i+^)-/n(i)) 



1/9 



dt 



X 



< 



1/9 

\fn{t)-m\\ut] + 



1/9 

\fnit + h)~-f{t + h)\\'dt] + 



£ £ 

<3 + 3 



\fn{t + h)~f„{t)\\]^dt 
\ 1/9 



1/9 



\fnit + h) - fn{t)\\ldt 



(A.21) 
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However, since fnit) G C°((A, B); , it is a uniformly continuous function on M. Thus there exists 
i5 > such that for every h £ {~5,S) and every t £ R we have \\fn{t + h) — fn{t)\\x < ^(^B-Ay/i • 
Therefore, by (|A.2ip we deduce that 

(^J \\fit + h)- m\\]^dty\e yhei-S,S). (A.22) 



Thus since e > was arbitrary small we deuce (|2.2I 
Next observe that for every h > 0, 



\f{t + T)-f{t)\\ldT)dt= ( \\f{t + hs)-f{t)\\]^dt]ds. (A.23) 



However, by p.2p . for every s E (—1,1) we have 



Moreover, 

1/9 



lim / \\f{t + hs) - f{t)\\'^^dt = 0. (A.24) 



\f{t + hs)-m\\ldt] < 



1/9 / /■ _ \ 1/9 / r _ 

\!{t + hs)\\\dt] +[ \\Kt)\\\dt] =2[ \\f{t)\\\dt] . (A.25) 



Therefore, using ()A.24p and (|A.25P , by Dominated Convergence Theorem we deduce that 

lim^y (^j \\f{t + hs)-f{t)\\\dt^ds:^Q, 



and thus by (|A.23p we deduce ([Q]) . 

Next consider a sequence £„ — t- 0+ as n ^ +00. Then by (|2.3|) we have 

lim /"(—/"" ||/(t + r)-/(t)||^.dr)dt = 0. (A.26) 



Therefore, since every sequence which converges in L^(R;R) has a subsequence which converges 
almost everywhere, we finally deduce that up to a subsequence, we have p.4|) . □ 
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